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Abstract 

A Feynman-Kac-type formula for a Levy and an infinite dimensional Gaussian 
random process associated with a quantized radiation field is derived. In partic- 
ular, a functional integral representation of e~^^^^ generated by the Pauli-Fierz 
Hamiltonian with spin 1/2 in non-relativistic quantum electrodynamics is con- 
structed. When no external potential is applied -ffpp turns translation invariant 
and it is decomposed as a direct integral Hpp = Jj^ Hpp{P)dP. The functional 
integral representation of e~^^^^^^^ is also given. Although all these Hamilto- 
nians include spin, nevertheless the kernels obtained for the path measures are 
scalar rather than matrix expressions. As an application of the functional integral 
representations energy comparison inequalities are derived. 
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1 Introduction 



Functional integration proved to be a useful approach in various applications to quan- 
tum field theory. For the case of a quantum particle linearly coupled to a scalar boson 
field, the so called Nelson model, it gives a tool to proving existence or absence of a 
ground state in Fock space |Spo98 , [LMS02aj . Furthermore, ground state properties can 



be derived in terms of path measure expectations |BHLMS^2] , and the question how the 
model Hamiltonian and its ground state behave under lifting the so called infrared and 
ultraviolet cutoffs can also be treated by the same method |LMS02b[ IGL07al IGL07b] . 



Another problem studied by this approach is that of the effective mass |BS05t Spo87] . 
Some of these results have been obtained by functional integration only, thus sometimes 
it offers a complementary method rather than a mere alternative. 

In contrast with Nelson's model, the Pauli-Fierz model describes a minimal cou- 
pling of a particle to the quantized radiation field. The spectrum of the Pauli-Fierz 
Hamiltonian has been extensively studied by a number of authors also using analytic 
methods. In particular, the bottom of the spectrum of the Pauli-Fierz Hamiltonian 
is contained in the absolutely continuous spectrum, no matter how small the coupling 
constant is. Nevertheless, a ground state exists for arbitrary values of the coupling con- 
stant without any infrared cutoff [BFS991 iGLLOll lLL03j . Functional integration is also 
useful in studying the spectrum of the Pauli-Fierz Hamiltonian which was addressed 
in the spinless case so far |BHn7l IHirnOal iHiHlTl [HLOT] . 

The spinless Pauli-Fierz Hamiltonian is written as 

Hpf:=^HV -e^/f + V + H,,d (1.1) 

on L^(m^) ® L^(^), where the former is the particle state space and the latter is 
the state space of the quantum field, ^ stands for the vector potential, -ffrad for the 
photon field, and V is an external potential acting on the electron. These objects 
will be explained in the following section in detail. The Co-semigroup e"*^^^ is defined 
through spectral calculus. A functional integral representation of the semigroup e~^^^^ 
can be constructed on the space C([0, oo); R^) x involving a process consisting of 
3-dimensional Brownian motion {Bt)t>o for the particle, and an infinite dimensional 
Ornstein-Uhlenbeck process on a function space for the field jFFG97t IHabQSl THirQ?] . 
One immediate corollary for the functional integral representation is the diamagnetic 
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inequality |AHS78l [Hi?97] 

inf a(-(l/2)A + V + H,^) < mfa{Hpp). (1.2) 

Using the fact that a path measure exists was also applied to proving self-adjointness 
of HpF for arbitrary values of the coupling constant e [HirOObl IHir02j . Furthermore, 
whenever Hpp has a ground state, the path measure can be used to prove its uniqueness 
[HirOOaj as an alternative to the methods making use of ergodic properties of the 
semigroup in |Gro72l IGJ68j . Other applications for the study of the ground state 
include pTOTllHLOTj . 

The path measure of the coupled Brownian motion and Ornstein-Uhlenbeck process 
can be written in terms of a mixture of two measures as the specific form of the 
coupling between particle and field allows an explicit calculation of the Gaussian part. 
The so obtained marginal over the particle is a Gibbs measure on Brownian paths 
with densities dependent on the twice iterated Ito integral of a pair potential function 
describing the effective field resulting from the Gaussian integration |Spo87[ IHirOOal 
[BHOTllGLOTa] . 

Previous applications of rigorous functional integration to quantum field theory 
covered, as far as we know, only cases when no spin was present in the model. In 
this paper our main concern is to study by means of a Feynman-Kac-type formula the 
Pauli-Fierz operator with spin 1/2. (11.11) is in this case replaced by 

i^PF ■=li^- (-^V - e^))' + V + i/,ad, (1.3) 

where a = (a"i, cr2, cts) are the Pauli matrices standing for the spin (see details in the 
next section). The random process of the particle modifies to a 3 + 1 dimensional joint 
Wiener and jump process {C,t)t>o = {Bt, at)t>o, where the effect of the spin appears in 
the process at = cr(— 1)^* hopping between the two possible values of the spin variable 
a, driven by a Poisson process {Nt)t>o- Our approach owes a debt to the ideas in 
|ALS83] . where a path integral representation of a Co-semigroup generated by Pauli 
operators in quantum mechanics was obtained by making use of an x Z2-valued 
process, with Z2 the additive group of order two. As we will see in the next subsection, 
the Pauli operator is of a similar form as Hpp, in fact both operators describe minimal 
interactions. While in |ALS83j only a path integral representation of operators with 
non- vanishing off-diagonal elements was constructed, we improve on this here since this 
part of the spin interaction in general may have zeroes. 
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Another model considered in the present paper is the so called translation invariant 
Pauli-Fierz Hamiltonian which is the case of Hpp above with zero external potential V. 
Translation invariance yields a fiber decomposition Hpp = J^^ Hpp{P)dP with respect 
to total momentum p^°^^ where the fiber Hamiltonian is given by 

Hpp{P) := i (a . (P - Pf - e^(0)))' + i/^ad, P e r\ (1.4) 

Here Pf denotes the momentum operator of the field. While the translation invariant 
Hamiltonian does not have any point spectrum, Hpp{P) under some conditions does 
[Fro74t ICheOlj . In |Hir07] the functional integral representation of e~^^^^^^^ for the 
spinless fiber Hamiltonian is constructed, where 

Hpp{P) := 1 (P - - e£^{0)f + i7,ad, P G k'- (1-5) 

Furthermore, uniqueness of the ground state of Hpp{0) as well as the energy comparison 
inequality 

mfa{Hpp{0)) < mia{Hpp{P)) (1.6) 

are shown. 

Our main purpose in this paper is to extend the results on the spinless Hamiltonians 
mentioned above to those with spin, i.e., 

(1) construct a functional integral representation of e~*^^^ and e~*^pi"(^) with a scalar 
kernel; 

(2) derive some energy comparison inequalities for Hpp and Hpp{P). 

We stress that Hpp and Hpp{P) include spin 1/2, nevertheless the kernels of their 
functional integrals obtained here are scalar. (1) is achieved in Theorems 14. Ill and 15.21 
and (2) in Corollaries 14.131 and 15.41 below. 

Here is an outline of the key steps of proving (1) and (2). First we assume that the 
form factor is a sufficiently smooth function of compact support. Then we will see 
that there exists a Pauli operator Hpp{(j)), G on L^(m^ XZ2), which can be used 
to define ^ 

H% := [ /7Op(0)rf/i(0). (1.7) 

As it will turn out, for arbitrary values of the coupling constant e. 



Hpp — Hpp + ifrad 



(1.8) 
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holds as an equality of self-adjoint operators (-i- denotes quadratic form sum). Al- 
though for weak couplings this results by the Kato-Rellich Theorem, it is non-trivial 
for arbitrary values of e. Thus it will suffice to construct a functional integral rep- 
resentation of the right hand side of (11. 8p . However, as was mentioned before, the 
off-diagonal part of Hpp{(f)) may have in general zeroes or a compact support. In order 
to prevent the off-diagonal part vanish we change i/pp(0) for ifpp(0) by adding a term 
controlled by a small parameter e > 0. Then we work with 

Hpp := Hpp + Hj-i^d (1.9) 

and obtain the original Hamiltonian by limg^o e~*^PF = e^^^^^ , where in fact 

H% := / H%{<P)dy.{<P). 

In particular, instead of for the semigroup e~^^^^ , we construct the functional integral 
representation of e~*^PF. By the Trotter-Kato product formula we write 

e-^H^pF = s-lim (e-(*/")^PFe-(*/")^-'^)" (1.10) 

n— >oo 

and derive the functional integral of the Pauli-operator e~*^PF^'^-' by using that the 
form factor is chosen to be bounded and sufficiently smooth, with non-zero off- 
diagonals. By making use of a hypercontractivity argument for second quantization 
and the Markov property of projections, we are able to construct the functional integral 
representation of e~*^PF. An approximation argument on ip leads us then to our main 
Theorem 14.111 for reasonable form factors. 

The functional integral representation of e~*^pp(^) is further obtained by a combi- 
nation of that of e~*^p^ and |Hir07j . Since the functional integral kernels are scalar, 
we can estimate \{F, e^^^^^G)] and \{F, e'^^^^^^'^G)] directly, and derive some energy 
comparison inequalities. 

Our paper is organized as follows. In Section 2 we discuss the Fock space re- 
spectively Euclidean representations of the Pauli-Fierz Hamiltonian with spin 1/2 in 
detail. Section 3 is devoted to discussing Levy processes and functional integral rep- 
resentations of Pauli operators. In Section 4 by using results of the previous section 
and hypercontractivity properties of second quantization we construct the functional 
integral representation of e"*^^^ and derive comparison inequalities for ground state 
energies. In Section 5 we derive the functional integral of e~*^^^^^^ and obtain energy 
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inequalities for this case. In Section 6 we comment on the multiphcity of ground states 
of a model with spin. Section 7 is an appendix containing details on Poisson point 
processes and a related Ito formula adapted to our context. 



2 Function space representation of the Pauli-Fierz 
model with spin 

2.1 Pauli-Fierz model with spin 1/2 in Fock space 

We begin by defining the Pauli-Fierz Hamiltonian as a self-adjoint operator. 

Fock space Let Tib := //^(M^x{— 1, 1}) be the Hilbert space of a single photon, where 
X {—1, 1} 3 {k,j) are its momentum and polarization, respectively. Denote n-fold 
symmetric tensor product by (3)Lm' ^^^^ ^S^sym^b := C. The Fock space describing 



the full photon field is defined then as the Hilbert space 



e 

n=0 



. sym 



with scalar product 



(2.1) 



(2.2) 



n=0 



and * = 0^=0 ^ = 0^=0 Alternatively, ^ can be identified as the set 
of £2-sequences {^(")}^=o with E (g)" ^b- The vector n = {1,0,0,...} G ^ is 



called Fock vacuum. The finite particle subspace is defined by 

:= e ^ I 3M e N : = 0, Vm > m} . 

Field operators With each / G Tib a photon creation and annihilation operator is 
associated. The creation operator a^(/) : ^ ^ is defined by 

(at(/)M/)W = y^Snif ® ^("-'^ n>l, 

where Sn{fi ® ■ ■ ■ ® /n) = i^/nl) E7ren„ /^rCi) ® ■ ■ ■ ® fnin) is the symmetrizer with 
respect to the permutation group n„ of degree n. The domain of a^(/) is maximally 
defined by 



^n||5„(/®vl>("-i 



)^l|2 



< OO 



n=l 
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The annihilation operator a(/) is introduced as the adjoint a{f) = {a^{f))* of a^{f) 
with respect to scalar product fl2.2p . a^(/) and a{f) are closable operators, their closed 
extensions will be denoted by the same symbols. Also, they leave invariant and 
obey the canonical commutation relations on ^f[n'- 

[a{f),a\g)] = {f,g)l, [a{f),a{g)] = 0, [a^f), a\g)] = 0. 

Second quantization and free field Hamiltonian Although the free field Hamiltonian 

H^d = / \k\a\k,j)a{k,j)dk 
j=±i -J 

is usually given in terms of formal kernels of creation and annihilation operators, we 
define it as the infinitesimal generator of a one-parameter unitary group since this 
definition has advantages in studying functional integral representations. We use the 
label F for objects defined in Fock space. This unitary group is constructed through a 
functor F. Let 'io{X —>■ Y) denote the set of contraction operators from X to Y. Then 
F : ^(Hb ^ Hb) ^ ^ ^) is defined as 

oo 

r(T) := 0[®"T] 

n=0 

for T G ^{Tih — ^ T^h), where the tensor product for n = is the identity operator. For 
a self-adjoint operator h on Tib, F(e**''), t G M, is a strongly continuous one-parameter 
unitary group on ^ . Then by Stone's Theorem there exists a unique self-adjoint 
operator dVQi) on ^ such that F(e**'') = e**"""(''\ t G M. dVQi) is called the second 
quantization of h. The second quantization of the identity operator, := dT{\) gives 
the photon number operator. Let cUb be the multiplication operator / i-^ uj]^{k)f{k,j) = 
\k\f{k,j), k G M^, j = ±1 on Hh- The operator H:^^ := dT{LJ\y) is then the free field 
Hamiltonian. 

Polarization vectors Two vectors e(/c, +1) and e{k,—l), k ^ 0, are polarization 
vectors whenever e{k,—l),e{k,+l),k/\k\ form a right-handed system in with (1) 
e{k,-l) X e{k,+l) = k/\k\, (2) e{k, j) ■ e{k, f) = Sjf, (3) e{k,j) ■ k/\k\ = 0. We have 
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independently of the specific clioice of these vectors. One can choose the polarization 
vectors at convenience since the Hamiltonians Hpp defined below are unitary equivalent 
up to this choice [Sas06j . 

Quantized radiation field Note that a'^{f) is linear in /, where a" = a, a^, thus formally 
'^Kf) — Ylj=±i I f{k, j)a'^{k, j)dk. The quantized radiation field with ultraviolet cutoff 
function (form factor) is defined through the vector potentials 



0{k) 



-.a\k,j)e 



-ik-x 



0{-k) 



a{k,j)e 



ik-x 



^ujh{k) y'uJhik) 
Here if is Fourier transform of ip. A standing assumption in this paper is 



dk. 



Assumption 2.1 We take 0{k) = 0{—k) = 0{k) and y/uj]^0^ f^/t^b ^ L 



Under Assumption 12. II A^.fx) is a well-defined symmetric operator in By k-e{k,j) = 
0, the Coulomb gauge condition 

3 

holds on ^fin. By the fact that Y.7=o II^mI^^)'"'^!!/'^' < oo for $ G ^gn, and Nelson's 
analytic vector theorem [RS751 Th.X.39] it follows that [.j^^^^ is essentially self- 

adjoint. We denote its closure A^{x)\,-^f^^_^ by the same symbol A^{x). 

Electron state space and Schrddinger Hamiltonian The Hilbert space describing the 
electron is L^(E^; C^). Let cti, (T2, (T-^ be the 2x2 Pauli matrices 

(Ti := 

We have aaCp = 5^(3 + 'i'Y^'y=i^^^^ where e^^^ is the totally antisymmetric tensor 
with e"'^^ = 1. Then the electron Hamiltonian on C^) with external potential V 

is given by 

1 ^ 

^P= oEM-^V^))' + ^- (2.3) 

Here V acts as a multiplication operator and in some statements below it will be 
required to satisfy one or both of the following conditions: 






1" 




-i 




1 " 


1 





, 0-2 : = 


i 




-1 



Assumption 2.2 Let V be 
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(1) relatively bounded with respect to (—1/2) A with a bound strictly less than 1; 

(2) sup^gusE^' [e~2/o^(-B»H < oo, for all t E (0,oo). 

(1) above is a usual ingredient for self-adjointness of Schrodinger operators. In (2) 
the expectation E^' is meant under Wiener measure for 3-dimensional Brownian motion 
{Bs)s>o starting at x. It is in particular satisfied by Kato-class potentials which includes 
Coulomb potential. 

Pauli-Fierz Hamiltonian The state space of the joint electron-field system is 

= L\w^;C^)(g)^. (2.4) 

The non-interacting system is described by the total free Hamiltonian Hp^l-\-l(S)H^^. 
To define the quantized radiation field A we identify Ti.'^ with the set of ® J^- 
valued functions on R^, i.e., Ti.'^ = J^^iC^ ® ^)dx. Then we have by definition 
= /®(1 ® A^{x))dx. Hence {A^F){x) = A^{x)F{x) for F{x) E D{A^ix)) and A^ 
is self-adjoint. Taking into account the minimal interaction — zV^ ^ —i'Vfi — gA^, we 
obtain the Pauli-Fierz Hamiltonian 

^i^F := \ (^E ® 1 - e^^)) +V®l + l®Hf^ (2.5) 

with coupling constant e G R, i.e., 

^fp = ^(-^V - eAf + V + Hf^- 1^2^,3,, (2.6) 

where we omit the tensor product for convenience and write 



V2 f^^J VuJh{k) 



In fact, B^{x) = (V x A{x))^, however, we regard A and B as independent operators 
in this paper. 

A first natural question is whether H'^^ is a self-adjoint operator. 

Proposition 2.3 Under Assumption \2. l\ Hpp is self- adjoint on D{—A)nD{H:^^) and 
bounded from below. Moreover, it is essentially self-adjoint on any core of Hp + H^^. 
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Proof: See |Hir00bllHir02j . qed 

A special case considered in this paper is the translation invariant Pauli-Fierz Hamil- 
tonian obtained under = 0. Then 

e^*^ri7fpe"^*^r = Hfp, t G R, /i = 1, 2, 3, 
where P*°* denotes the total electron-field momentum 

and = dT(k^) is the momentum of the field. By translation invariance the Hilbert 
space TC'^ and the Hamiltonian Hpp can both be decomposed with respect to the 
spectrum of P*°* as 7i '^{P)dP and H^^ := J^^ K{P)dP, with a self-adjoint operator 
K{P) labeled by P on 7i'^(P). It is seen that K{P) and T-C'^{P) are isomorphic with 
a self-adjoint operator resp. a Hilbert space. Define thus on ® the Pauli-Fierz 
operator at total momentum P G R'^ by 

HfAP) ■■= Up -Pf- eA{0)r + Hi,-^Y1 ^MO)- (2.7) 



2' 1 V ■ 2 

fi=i 



Then we have 



Proposition 2.4 Under Assumption \2.1\ Hpp(P). P G R^, is self-adjoint on the do- 
main Z)(iJjJj) f]j^^-^ D((Pf^)^) , and essentially self-adjoint on any core of the self- 



adjoint operator |E^=i(^^)^ + H^d- Moreover, = /^^ ® ^dP and Hfp 
J^,HMP)dP hold. 

Proof: See jHuMlLMSOG] . qed 

Here is an incomplete list of results on the spectral properties of the Pauli-Fierz 
Hamiltonian. The existence of the ground state of Hpp is established in |BFS99t[GLL01l 
ILL03] and that of Hpf{P) in |Fro74l ICheOll IHaHeOGj . The multiphcity of the ground 
state is estimated in [HirOOal IHSOll IBFP051 IHirOG] , a spectral scattering theory and 
relaxation to ground states are studied in |Ara83al Spo97 IFGSOlj . The perturbation 



of embedded eigenvalues is reduced to investigating resonances |BFS98al IBFS98b] . 
Energy estimates are obtained in |Fef96l [FFG97t [LLOOj and the effective mass is studied 
in |Spo87i lUHOl [HSOSl ICheOGl IBCFS061 iHlOT] . Related works on particle systems 



interacting with quantum fields include [GerOOl IBDG041 IAGG041 ILMSOGllSasOG] . 
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2.2 Stochastic representation and spin variables in function 
space 

2.2.1 Stochastic representation 

In this section we prepare the necessary items for a Q-representation of Hpp and explain 
how to accommodate spin in this framework. 

To introduce a Q-representation, we define a bilinear form and construct a Gaussian 
random process with mean zero and covariance given in terms of this form. Define the 
field operator by 

Mf) --=^11 J {f(k)aHk,j) + f{-k)a{k,j)) dk 

and the 3x3 matrix D{k), A; 7^ 0, by 



D{k):={6, 



k^ky 
Y I 



'k 

Consider the bilinear form go • ©'^i^^(lR'^) x ©'^L^(R'^) C given by the scalar product 



3 



1 



qo{f,9):= }^{A^{m,A,{g)n),^ = - / f{k) ■ D{k)g{k)dk. 



R3 



Similarly to the representation of a Euclidean free field in terms of path integrals over 
the free Minkowski field in constructive quantum field theory |Sim74l Th.III.6], we 
introduce another bilinear form qi to define an additional Gaussian random process. 

Let gi : ®^L'^{^^^'^) x ®'^L'^{m?+'^) ^ C be 

1 



G):=- F{k, ko) ■ D{k)G{k, ko)dkdko. 

Note that D{k) is independent of ko in the definition of qi. Use the label l3 for 
or 1, let S^{R^~^^) be the set of real- valued Schwartz test functions on R'^+^ and put 
:= ©3^(k3+/3)_ Tj^g properties (1) Em=i ^.^j' exp(-g^(/, /,)) > for 
arbitrary Zi E C and i = 1, ...,n, \/n = 1, 2, (2) exp(— g^(5f, (7)) is strongly continuous 
in 5f G ©^L2(R^+^); (3) exp(-g/5(0, 0)) = 1 can be checked directly. 

Let := y^, where is the dual space of ^^3, and denote the pairing between 
elements of 12 p and by {(p, /)^ G R. By the three properties listed above and the 
Bochner-Minlos Theorem there exists a probability space {^/s, such that 
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is the smallest cx-field generated by {(0, f)p, f G y^} and (0, /)/3 is a Gaussian random 
variable with mean zero and covariance given by 

'^f'>^d^ip{<t>) = e-'^^^f^f\ feyp. (2.8) 

Although (0, (B'fiS^uf)/3 is a Q-representation of the quantized radiation field with the 
ultraviolet cutoff function / G y(R^), we have to extend / G =5^/? to a more general 
class since our cutoff is [ip/^/uoY G L^(R^). This can be done in the following way. 
For any / = /rc + «/im G ©3^(r3+/3) we set (0, /)/3 := (0, /rc)/3 + /im)/3. Since 
is dense in L^(R^+^) and the inequality 

2 



l(0,/)/3| d^lp{<t)) < ||/||g33L2(R3+,3) 

holds by dH, we can define (0, f)p for / G ©^i^a^j^a+z?) ^ ^im„^oo(0, 

in L'^{^p), where {/n}^i C ©^^(M^"*"^) is any sequence such that s— lim„^oo /n = / 

in ©^L^(R'^+'^). Thus we define the multiplication operator 

{£^^{f)F) (0) := (0, /)^F(0), G ^^3, (2.9) 

labeled by / G ©^L2(e3+/3) in L2(^^), with domain 

D{s^^{f)):={FeL\^p) I |(0,/)^F(0)|^rf/x^(0)<oo[.. 



Denote the identity function in L'^{^p) by 1^^ and the function =2/^(/)l^^ by 
unless confusion may arise. It is known that L'^^^p) = ®'^=q Lf^i^^p), with 

Lli^p) = L.H.{:^/5(/i)---^/'(/„):|/,- G (B^L^R^+f^), j = l,2,...,n}. 

Here Ll{^p) = {al^^^la G C} and :X: denotes Wick product recursively defined by 

n 

- f)y-^^u\) ■ ■ ■ ■ ■ ■ ^^fn):, 

where X denotes removing X. 
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Next we define the second quantization Tf^pi in Q-representation as the functor 

With T E ^(L2(r3+/3) ^ L2(m3+/3')), Tpp,{T) e "^(L^i^fs) L^i^fs')) is defined by 

r^^,(T)l^, = 1^^„ r^(T):^'^(/i)---^^(/„): = :=s/^'(T/i) ■ ■ ■ ^^'(T/„):. 

For notational simphcity we use F/? for F^/3. For each self-adjoint operator h in 
L^(m3+^), r/3(e**'') is a one-parameter unitary group. Then r/3(e**^) = e^^'^'^f'^^\ t G M, 
for the unique self-adjoint operator dTp{h) in L^(^^). We write 

^:=^o, ^e:=^i, /i:=/io, I^E ■= l^u ^■.= £^°, := (2.10) 

in what follows, using the label E for "Euclidean" objects to distinguish from Fock 
space objects. Thus it is seen that v4^(/) and dT{h) are isomorphic to L'^{12), 
•(^i®l=i^ij.uf) and dro{h), respectively, where h = FhF~^ and F denotes Fourier trans- 
form on L'^{R^). That is, there exists a unitary operator V : ^ ^ L^(^) such that 

(1) m = 1^, 

(2) UA^(/)U-i = ^(©LiV/), 

(3) VdT{h)V-^ = dVoCh). 

The isomorphism W := 1 (g) U : L'^(R^; C?)® L'^{^) maps if^ to a self-adjoint 

operator on /.^(M^; C^) ® L^(^). Let 

A := (^/v^b)\ (2.11) 

where /denotes inverse Fourier transform of /. Set =e^^(A(- —x)) := s^/ {®l=iS^u^{- 
and ifrad := '^ro('^b) on L^(^). 

Finally we define Hpp, the main object in this paper, by 

1 ^ 
i/pp := -(-zV - e^y + V + H,^ - | ^a^i^^, (2.12) 

^l=l 

where := /J ^f.(A(- - x))(ia; and := J^^® ^^(A(- - x))dx, with 

^^(A(- - x)) = =f/(©i!=i5.^(V, X A(- - x))^). 

Here the self-adjoint operator H-pp is the Q-representation of H^^, obtained through the 
map L{Hppl/(~^ = Hpp. In this representation and B^, turn into the multiplication 
operators and respectively. 
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2.2.2 Spin variables in function space 



In order to reduce fl2.12p to a scalar operator, we introduce a two-valued variable a. 
Let Z2 := Z/2Z and [z]2 denote the equivalence class of 2; G Z. Use the affine map 
X I— s> 2x — 1 to arrive at the conventional variables { — 1,+1} = Z2. Addition modulo 2 
gives (+1) (+1) = +1, (+1) ©Z2 (-1) = -1, (-1) ©Z2 (-1) = +1- Define 



L^(M^xZ2) :=<(/: X Z2 ^ C 



2 



2) 



< 00 



0-GZ2 



The isomorphism between L 



2 / Tn)3 . 



and L^(R^ x Z2) is given by 



+1) 
u{x, — 1) 



I— > a) ^ L 



2/1,1,3 



X Z2). 



Let F 



"F(+i: 

Ff-i: 



G 7^-^ with F(±l) e L2(m3) ® Then since 



HpF = ^(-zV - e£/y + V + if.ad - I 



^3 ^1 - «<i^2 

?1 + 2^2 -^3 

our Hamiltonian can be regarded as the self-adjoint operator on 

'2/in,3 \ ^ r2 



(2.13) 



defined by 



1(_,V - ei=/)2 + V + if,ad + =^dM ) F{a) + ^od(-a)F(-a) (2.14) 



for 0" G Z2, where and denote the diagonal resp. off-diagonal parts of the spin 
interaction explicitly given by 



--a^3(A(--x)), 



:= ^odix, -a) = -- (i^i(A(- - x)) - ta^2iK- " x))) ■ 



(2.15) 
(2.16) 



To investigate the translation invariant case let P{ := dTo^—iV). The transla- 
tion invariant Pauli-Fierz Hamiltonian Hpp{P) can also be mapped into a self-adjoint 
operator on ^2(^2) ® i^^(^) defined by 

'1 



{HMP)F){a) 



-iP-Pi- e^m' + i^rad + ^d(O) F(a) + ^od(0)F(-a 



(2.17) 

where F(±l) G L'^{^), =<(0) := ^^(A(- - 0)), J^(0) = ^(0,a) and ^d(O) = 
<^d(0, — c). In the following we will construct functional integral representations for 
(EUD and fl2Tri) . 
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3 A Feynman-Kac-type formula for jump processes 

3.1 Pauli operators 

In this section we consider the functional integral representation of the Pauli operator 
in the context of quantum mechanics. The spin will be described in terms of a Z2-valued 
Poisson point process. We start by reconsidering the path integral representation of the 
Pauli operator established in [ALS83] . We turn the results of De Angelis, Jona-Lasinio 
and Sirugue into precise statements and proofs, and add extensions and comments. 
For a vector potential a we define the Pauli operator on C^) by 

1 1 ^ 

h{a, b) := -(-zV -ay + V--Y, ^A- (3-1) 

Usually for Pauli operators b = V x a. However, for the remainder of this section we 
treat a and b as not necessarily dependent vectors. We require them to satisfy the 
following conditions: 

Assumption 3.1 Let a = (01,02,03) and b = (&i,&2;^3) be real valued with G 
C2(r3) (^nd b^ e L°^(R^), for /i, 1/ = 1, 2, 3. 

Under Assumptions 12 . 2| and 13 .l\ h(a. b) is self-adjoint on -D(A) and bounded from below, 
moreover it is essentially self-adjoint on any core of —(1/2) A as a consequence of the 
Kato-Rellich Theorem. In a similar manner to the previous section, h{a, b) can also be 
reduced to the self-adjoint operator h{a,b) on L^(M'^xZ2) to obtain 

(h{a, b)f){a) := Q(-zV -a)' + V- ^-ab,^ f{a) - ^(61 - ^cTb2)f{-a). (3.2) 

3.2 A 3 + 1 dimensional jump process 

In order to construct a Feynman-Kac formula for ^ in addition to the Brownian 

motion we need a Poisson point process to take the spin into account. For a summary 
of basic definitions and facts as well as notations we refer to the Appendix. 

Let {Bt)t>o = (-Bnt>o, i</i<3 be three dimensional Brownian motion on {W, SSw-, Pw) 
with the forward filtration Tt = cr{Bs,s < t), t > 0, where W = C([0, 00); #) and 
P^r is Wiener measure with P^(i?o = x) = 1. Let, moreover, (S*, S,Pp) be a prob- 
ability space with a right-continuous increasing family of sub-a-fields (Sj)j>o, and 
Ep denote expectation with respect to Pp. Fix a measurable space {Ai,B_M). Let 
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p : (0,00) X S ^ M. he a, stationary (St)-Poisson point process, and D{p) C (0, 00) 
denote its domain. Note that jj^D{p) is finite for eacli r E S. The intensity of p is 
given by A(t, U) := Ep[A'p(t, U)] = tn{U) for some measure n on A^, where Np denotes 
counting measure on ((0, 00) x A4, ^(0,00) x Bm) given by 



Np{t, U) := # {s e D{p) I s G (0, t], p{s) G f/} , t > 0, f/ G 5 



with A^pp, U] = 0, and i^(o,oo) is the Borel a-field of (0, 00). Then 

Ep[Np{t,U) = N] 
Assume that n{Ai) = 1. Write 



m 



dNt:= I Np{dtdm). 

'M 



Hence 



fXs,N,)dN,= V fir,Nr). 



(3.3) 



(3.4) 



r6-D{p) 

0<r<t 



Since G D{p) | < s < t} < 00, for each r G S* there exists A^ = N{t) G N and 
< si = si(r), Sat = SAr(r) < t such that 



/■*+ N N 

/ /(., Ar,)dAr, = J] /(.,, iV,J = ^ /(,,, 
^0 ,.=1 ,.=1 



Since Ep[Nt] = t and Ep[Nt = N] = t^e-^Nl, the expectation of flO) reduces to 
Lebesgue integrah 



Ep 



/(s,A^,)dAr, 



Ep 



f{s,Ns)ds 



t 00 



n=0 



y"/(s,n)^e 'ds. 



Write (fi, e^n, ^q) := (W^ x 5, ^vi/ x S, Pvk ® ^p) and := u; x r G x 5. For 
= w X r, we put BtiuS) := Btiw) and p{s, u) := p(s, r). 

Definition 3.2 T/ie 'L2-valued random process ctj : Z2 x 1] ^ Z2 «s defined by 



at := a ©z, [iVjs = a(-l)^% a G Z2. 
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Here we have the paths [Nt]2 with values ±1 G Z2 corresponding to the equivalence 
classes. The electron and spin processes together give us finally the (3 + l)-dimensional 
X Z2-valued random process 

{^t)t>o := {Bt,[Nth)t>o = iBu(rt)t>o 
on {Q, Pq). Let VLt= "^t, t > 0. For notational convenience, we write 

E"'''[/(e)] := / f{x + B.,a®^, [N.h)dPn = [ f{x + B.,a.)dPn 
Jn Jn 

as well as En[f] = fdPn, E^[f{B.)] = f{x + B)dP^ = f{B.)dP^, E-[gia.)] = 
J^g{a.)dPp, and J2aldxf{x,a) := J^a&z^ L-^dxf{x,a). 

3.3 Generator and a Feynman-Kac formula for 

Next we compute the generator of the process and derive a version of the Feynman- 
Kac formula. 

Let (jp be the fermionic harmonic oscillator defined by 

cTp := ^(0-3 + ^cr2)(o-3 - ^0-2) - ^- (3.5) 
Note that a-p = —cri- A direct computation yields 

(^^g-*(-(i/2)A+..p)^) = 5^ / rfxE-''^[/(eo)^7(6)e^']. (3.6) 

Thus the generator of C,t is given by 

and by making use of the two-valued variable a, 

((-^A + 6ap)/) (a) = ^-Af{a) - ef{-a) 

follows. 

Proposition 3.3 [De Angelis, Jona-Lasinio, Sirugue] Suppose 



[ ds [ i2ns)-'/' hgl-^Wiyy + hiyy 

Jo Js.3 I 
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for all {x,t) G X [0, oo). Then 

^^^-th{a,b)g^ (x, a) = e*E^'"[e^'^(et)]. (3.8) 



Here 

3 rt 



■3 /-t nt 

Zt = a^iBs)odB^- / ViBs)ds 

-^0 Jo 



t 

an{Bs) o dB^ denoting Stratonovich integral and 



W{x, -a) := log ( ^{bi{x) - iab2ix)) 



Remark 3.4 We will prove Proposition 13 .31 by making use of the Ito formula. In order 



that Ito's formula applies, however, the integrand in jj^ . . . dNs must be predictable 
with respect to the given filtration, is, though, right continuous in s for each 
G fi, so we define a"s_ = lime|oC"s-e- Then as- is left continuous and W{Bs, —Cg-) 
is predictable, i.e., W{Bs, —Cs-) is Qs measurable and left continuous in s for each 
CO E ^l. This allows then an application of Ito's formula to jj^ W{Bs, —as~)dNs, for 
more details see the Appendix. 



Before turning to the proof of Proposition 13. 3[ we consider a simplified model. Let 
U{-,a) and W{-,—(j) be multiplication operators on L^(R^xZ2). Define the operator 
K : L2(r3xZ2) L^{k!^xZ2) by 

iKf){x, a) := U{x, a)f{x, a) - e^(^'-'^)/(x, -a). (3.9) 

First we construct a functional integral for e~^^ . 

Proposition 3.5 Let U{x,a) and W{x,—a) be continuous bounded functions in x E 
R^, for each a = ±1, such that U{x,a) = U{x,a), W(x,—a) = W{x,+a). Then K is 
self-adjoint and 
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Proof: The proof of the self-adjointness of K is triviaL Write 

Ktg{x,a) :=E^'" \g{x,at)e-^oUi^,'^s)ds+f^+w{x,-as. 

Note that for each {x,uj) G x 1], 

'■t+ 



-)dNs 



Wix,-a,^)dN, 







t 

'o 



(3.11) 



where M = sup^^^a^^^^^ \W{x, -a)\. Then 

\\Ktg\\ < ||(?||e*^^'E^''^[e^^*] 



where M' = sup^ggs o-gzj ^^'"^[^ (7(x,cr^)dsj^ ^^^^ jg bounded. For each (x, c<j) G x f2 
it is seen that -a, -^)dNs is continuous in a neighborhood of t = 0, since 

7^{0 < s < e I s G -D(p)} = for sufficiently small e > 0, and then 

f ^ W{x, -as-)dNs = ^ (x, -a{-lf^-) = 

0<s<t 

for small enough t. Hence for g G C^(R^ x Z2), 
lim||^ - Ktgf 







by dominated convergence. Since C^(R'^ x Z2) is dense in L^(K^xZ2), it follows that Kt 
is strongly continuous at t = 0. Also, Kt has the following semigroup property. Since 
Ns is a Markov process, for each (x, cr) G x Z2, we have 



{KsKtg){x,a) 



XE-" 



E^ 



= {Ks+tg){x,a). 

Kf is thus a Co-semigroup, hence the Hille-Yoshida Theorem says that there is a closed 
operator h in L'^{R^ x Z2) such that Kt = e"*^, t > 0. We show that h = K + 1. 
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Put dXt := Xt — Xq. By Ito's formula, see Proposition 17.81 below, we have dat 
J^^{-2as-)dNs and dg{x, at) = /q"*" {g{x, -a^^) - g{x, as^)) dNs- Let 

yt-=- [ U{x,as)ds+ W{x,-as^)dN,. 
Jo Jo 

Then it follows that 

de^' = - f e^^U{x,as)ds+ e^'^" (e^^"-'^^-) - l)dNs. 
Jo Jo 

By using the product rule we get 
d {e^*g{x,at)) 

= - [ g{x,as)e^^U{x,as)ds+ /" ^ (^(x, a,_)e^»- (e'^^"'"'^^-) - l)dA^, 
Jo Jo 



t+ 



+ I e^"- {g{x, -as-) - g{x, as-)dNs 







t+ 



+ I {gix,-as-) - g{x,as^))e'^-{e^^''^-''^-' - l)dNs 





Jo 



g{x, a,)e^'U{x, as)ds + / e""^- {gix, -a,_)e'^("'-'^^-) - g{x, as-)) dNs. 



Therefore 

E^'" [e^'^(x,(Tt) -e^«^(x,(To)] = / E^'"[G(s)]rfs, (3.12) 

Jo 

where G{s) = G{x, a, s) is defined by 

-e^^g{x,as)U{x,as) + e^^-{g{x,-as-)e^^'''-''^-'^ - g{x,as-)), s > 0, 

-g{x, a)U{x, a) + g{x, -(T)e'^(^'"'") - g{x, a), s = 0. 



G{s) 



Thus for each {x,u!) E x Q, G{s) is continuous in s at s = and is bounded as 
\G{s)\ < e^^^''M'\g{x,a)\, with constants M and M' . Dominated convergence gives 
then 

lim ^ / dxE^'^'^lGis)] = J2j dxE^'^'^lGiO)]. 
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Hence 



lim-(/, (Ktg-g)) 



lim- f dsJ2[ c^x/(x,ct)E^'"[G(s)] 
5^ /"rfx7(^E^'-[G(0)] 
^Jdx f{x, a) {-U (x, a)g{x, a) + g{x, -a)e 



W{X,-C7) 



= (f,-(K + l)g). 
Since C^(m^ x Z2) is a core of K, h = K + 1 follows. 



qed 



Proof of Proposition We put U{x,a) = -(l/2)cr63(x) and W{x, -a) = 
log[(l/2)(6i(x) - iab2{x))]. Recall that 

Jo Jo Jo 

W{Bs, —(Js-) is predictable and first we have to check that | jj^ W{Bs, —as-)dNs\ is 
finite for almost every G in order to apply Ito's formula. Indeed, 



W{B,, -as-)dK 
£ log (^^b,{B,y + h{B,y 





[/ 




Jo 


< E^' 




2 



dN. 



2 ds (27rs)"^/'e 



3/2~\y~x\y{2s) 



dy 



is finite by the assumption, hence | Jp'*' W{Bs, —as-)dNs\ < 00, for almost every cu E ^l. 
Define S't : L^{R^xZ2) L^{«.^xZ2) by 

Stgix,a) = E^^'^ [e^^giBt,at)]. 



It can be seen that 



V2^M't (Af-l)t/2 
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where M' = sup^.ga3 |63(x)/2|, M = sup^gu3(fei(x) + b2{x))/4: and 

Vm:= sup E-[e-2/onB.)d.]^ 



(3.13) 



which is finite by Assumption 12.21 Thus St is bounded. Since Zt is continuous at t = 
for each u & Q, dominated convergence yields 

as t 0. The semigroup property of 5*^ follows from the Markov property of the 
process {Bt,Nt), which is shown in a similar way as that of Kt in Proposition 13. 5[ 
Thus St is a Co-semigroup. Denote the generator of St by the closed operator h. We 
will see below that St = e~^^ = e"*(''('^''')+^) . From Proposition 17.81 it follows that 

dg{Bt,at) = [ d^^g{Bs,as)dB^ + ^ [ A,g{Bs,as)ds 
l-t+ 

+ / {g{B„-as-)-giBs,as-))dN„ 
Jo 



and 



de' 



E 



-ia^{Bs)) o dB>, 



e^^{-V{Bs))ds 



+\ I {{-iV ■a){Bs) + {-ia{B,)f)ds 
2 Jo 



+ 



-U{Bs,as))ds 



t+ 



-^Zs-+W{Bs-a^ 



-) dNs. 



By the product rule and the two identities above we have 



d{e^'giBt,at)) 



-A^g{B„as) + {-ia{Bs)) ■ {V^g){Bs,cr, 



MBs)f - V{B,) - U{Bs, as) giBs, a 



ds 



V / e^^ {d,^g{Bs,as) + {-ia,{Bs))g{Bs,as))-dB^^ 



+ 



t+ 



{g{Bs, -(Ts-) - g{Bs,(Ts^)) 



Ki?.,a_,)(e^(^----)-i; 



dNs. 
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Take expectation on both sides above. The martingale part vanishes and by (17.31) we 
obtain that 



^'^'^[e^^g{Bt,at)-g{x,a)]= I E-^'^[G{s)]ds 



where 



with s > 0, and 



G(0) := I^A, - ia{x) ■ V, + ^{-ia{x)f - V{x) - U{x, a)-l} g{x, a) 

= -ih{0',b) + l)g{x,a). 
We see that G{s) is continuous at s = 0, for each u & Q, whence 

hm^- if, {St -l)g) = \iuv-j\sY,jdxJME^^''[G{s) 
= ^/"dx/(x,a)E-'-[G(0)] 



qed 



(3.14) 



= (f,-(h{a,b) + l)g). 
Since C~(R^ x Z2) is a core of h{a,b), (l3l8l) follows. 

Note that (13.71) is a sufficient condition making sure that 

/ \W{Bs, -(Ts^)\dNs < 00, a.e. u e Q. 
Jo 

When, however, bi{x) — iab2{x) vanishes for some (x, a), (13.141) is not clear. This case 
is relevant and Proposition 13.31 must be improved since we have to construct the path 
integral representation of e~*'*("'*) in which the off-diagonal part bi — iab-2, of /i(a, b) has 
zeroes or a compact support. Since the generator of is —(1/2) A + ap, as was seen 
above, this then becomes singular. Take e ^ on both sides of 

(^^g-*(-(i/2)A+e.p)^) = ^1 rfxE-'-[/(eo)^(6)e^1. (3.15) 
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Then the right hand side of fl3.15p converges to Xlo-/ dxE^[f{x, a)g{Bt, a)], see Remark 
13.71 below. The off-diagonal part of h{a,b), however, in general may have zeroes. For 
instance, for all /i = 1, 2, 3 have compact support, and so does the off-diagonal part 
in the case of 6 = V x a. Therefore, in order to avoid that the diagonal part vanishes, 
we introduce 

h%a,b)f{a) := - a)' + V - ^ab,^ f (a) 

+ - icrb^) + e^e [-\{b^ - i(yb2)y^ /(-a), (3.16) 

where ipe is the indicator function 

We define ipe{K) for a self-adjoint operator K by the spectral theorem. In particular, 
the identity 

ipeiK) = (27r)^i/2 f ^^{k)e'^Kdk 



holds. Thus I — \{bi — iab2) + eipe{—\{bi — io'b2))\ > e/2, which does not vanish for 
any e > 0. 

Proposition 3.6 We have 

(^^-thHa,b)g^ (a,x) = e'E^^-[e^'g{Ct)], (3.18) 

and 

(^e-'Ha,b)g^^ (a,x) = limeV''^[e^'^7(6)], (3.19) 



where 



3 rt rt 



~ / (^sb3iB,)ds + ^ ^ W,{B,, -as-)dN, 



and 



We{x, -a) := log ( ^(fei(x) - i(Tb2{x)) - eips (-^{bi{x) - i(rb2{x)) 
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Proof: fl3.18p is derived as in Proposition I3.3[ Since e *'^^('^'^) converges strongly to 
^-th{a,b) as e ^ 0, fICT]) follows. qed 

Remark 3.7 We have the following cases. 

(1) Let the measure of 

Oe = {{x,a) G X Z2 I \{l/2){bi{x) -iahix))] < e/2} 
be zero for some e > 0. Then Proposition 13.31 stays valid. 

(2) In case when the off-diagonal part identically vanishes, we have 
limE^-"^ [e'^'gi^t)] 

'(.-ij:l=iIo^ABs)odBi:~j;^V{Bs)ds~J,';i-l)asbs{Bs)ds^Ntg(^^^ " 
'e~iT.l=lfo<^^^(.B,)°dB^^f^Vmds^J^i~l)asb3{B,)dSg|^Q^^^^' 



lim e^E^'" 



Here we used that as e — the functions on Kt '■= {uj & \ Nt{uj) > 1} vanish 
and those on := {u; G f2 1 Nt{Lj) = 0} stay different from zero. Note that for 
u G K^, Ns{uj) = whenever < s < t, a.s Nt is counting measure. Clearly, then 
the right hand side in the expression above describes the diagonal Hamiltonian. 

(3) Since the diagonal part — (l/2)cr&3(x) acts as an external potential up to the sign 
cr = ±, heuristically we have the integral Jq(— l/2)(7s&3(-Bs)<^s in Zt. This explains 
why log[(l/2)(6i(_Bs) — iasb2{Bs))]dNs appears in Zt. Consider TtF{x,a) := 
E^''^[F(5t,aj)ei'o^(-B-'-'^--)'^^-]. Take, for simplicity, that W has no zeroes. Com- 
pute the generator —K of Tj by Ito's formula for Levy processes to obtain 

d (e-^o^ WiBs-as)dNs'^ ^ W{Bs-a,_)dNs+W{Bt~at) _ ^J^,+ 14^(S, -<t,_ )d7V, ^ 

= ji^WiB.,-a,.)dN.^^WiBu-.,)_^^^j^^_ (3 20) 



On the other hand, we have 



d 



^-f^viB.)ds^ ^ e-ityiB.)'i^{-V{Bt))dt. (3.21) 



From this we obtain that e-*(-(^/2)A+y) j^^) ^ E^[e-^*^(^=)'^"/(5t)]. Comparing 
(I3.20p and (13.211) . it is seen that Ito's formula gives the differential for continuous 
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processes and the difference for discontinuous ones. From (13.201) it follows that 
the generator K of Tj is given by 

i^/(a)= (^-iA-e^(-'-'^) + l^/(-a). 

Thus e~*^F(x, cr) = e*E'^[F(x, (Ti)e-^o '^(^'-""s-)'^^'*] giving rise to the special form 
of the off-diagonal part. 

4 Functional integral representation of e'^^^^ 
4.1 Hypercontractivity and Markov property 

In this section we discuss hypercontractivity and turn to the functional integral repre- 
sentation of e~^^^^ . Also, we derive a comparison inequality for ground state energies. 

Let ||-F||p = ( j be L^'-norm on and {■,-)2 the scalar 

product on L'^{^p). As explained in Section 2, Tp{T) for ||T|| < 1 is a contraction 
on L'^{^p). It has also the strong property of hypercontractivity, i.e., for a bounded 
operator K : L'^{R^+^) L'^{R^+^') such that ||i^|| < 1, Tpp,{K) is a bounded operator 
from L'^{^/s) to L'^{^p). Nelson proved the sharper result below. 

Proposition 4.1 Let 1 < q < p and ||Tf < {q - l){p - 1)"^ < 1. Then r^(T) is a 
contraction operator from L^i^p) to LP{^p), i.e., for $ G ^^(^S^g), r^(T)<l> G ^^(=2^) 
and ||r^(T)$||p< ||$||,. 

Proof: See |Nel73j . qed 

We factorize e~^^-"^ as is usually done. Let jt : L^(M^) L^(lR^+^), t > 0, be 
defined by 



Vtt W ujb{k)^ + \ko\^ 



The range of jt, a < t < b, defines the a-field S[a,6] of ^e, and the projection E^a,b] 
to the set of S[a ^-measurable functions can be represented as the second quantization 
of a contraction operator. By using the Markov property of the family of projections 
E[...] and hypercontractivity of E[a,b]E[c,d] with [a,b] fl [c,d] = 0, it can be shown that 
/^^ \JaF\\JbG\\^\dfXE < oo for F,G G L^i^) and $ G L\^e)- We will prove this for 
the massless case in Corollary 14.41 
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The isometry jt preserves realness and j^js = e~'*~'^''^''^~*^\ s,t ER, follows. Define 

Jr.= Toi{jt), Jt.L\^)-^L\^^). 

Hence J^Js = e"'*"'^'^"^'^ on L'^(^). The operator et := jtjt is the projection from 
^rcai(l*^^^) to Ranjt. Define 



Uia,b] ■■= L.H.{/ G L2^^i(m3+i) I / e Ranjt for some t G [a,b]} 

and let eia,b] '■ -^rcai(l'^^^^) ~^ ^[aM denote orthogonal projection. Define the projections 
on L^(^e) by Et := JtJt = ^i{et) and E[a,b] ■= Ti{e[a,b])- Let T,[a,b] be the minimal 
cr-field generated by {^^(/) G L^(^e) I / ^ f^[a,fe]} and denote the set of ^[a,b]- 
measurable functions in L^(^e) by S[a^h]- The projection -E[a,6] has the properties 
below: 

Lemma 4.2 Lei a<b<t<c<d. Then (1) Cae^ec = CaCc, (2) e\^afi]^t^[c,d] = 
e[a,fe]e[c,d], (3) RanEja^fe] = £"[0,;)]; f^j E\^a,b]EtE[c^d] = -E'[a,fe]-£^[c,d]- 

Proof: See |Sim74t [Hn97j . qed 

Lemma 14.21 implies that -E[a,6] is the projection from L^(^e) onto S[a,b]- The fact 
that E^a,b]EtEi^c,d] = -£'[a,6]-E'[c,d] is called Markov property of the family Es- Let cUb,; 



VW + ^ with m > 0. Define jt\ jt\ eg,, ej'"), E^, and f:^) by j„ 

Jt, e[a,fe], et, -E[a,fe], -Et and £\^a,b] with cUb replaced by cjb.m, respectively. Then Lemma 
14.21 stays true for e[a,b] and -E[a,fe] replaced by ej^^^j and E^^l^, respectively. Note that 
roi(e~*'^'^''"), m > 0, is hypercontractive but it fails to be so for m = 0. 

Lemma 4.3 Let a < b < t < c < d, F e 8^^^^ and G G ^fjjj. Take 1 < r < 00, 
1 < p, 1 < q, r < p and r < q. Suppose that Q-'^^i^-b) < (^p^^ _ l)(g/r — 1) < 1 
and F G Lp{^e) and G G L«(^e). T/ien EG G /."^(^e) an(i HFGH, < In 
particular, for r such that 

2 2 
r G [1, ^ — ttI U [ 7 — TT, cxd), 

we /ia^;e < ||F||2||G||2. 

Proof: Let = { ^' j^j > and = { ^' j^j > ^[ Then |F;vr e 
IGatI'' G and it follows that 



'"ATI 



2 



28 



The Pauli-Fierz model with spin 



Note that Te := e^^^e^^}-^ satisfies 

117- ||2 _ ||„M „M„Mp(™) ||2 ^ ■{■m)||2 

= ||e-l'=-''K-f < e-2-(^-'') < {p/r - l){q/r - 1). 

Thus by Holder inequahty, 

WF^Gr^W: < |||Fjvni,/.||ri(Te)|G;v|1U (4.1) 

where 1 = - + -. Since llTef < (p/r - l)(q/r - 1) = (p/r - l)(s - 1)"^ < 1, by 
s q 

Proposition 14.11 it is seen that ||ri(Te)|G7vri|s < II I^a^ I'^llp/r- Together with (14.11) this 
yields 

II W^vllr < Ili^JvLIIG^IIp < Ili^LIIGIIp. (4.2) 

Taking the limit ^ oo on both sides of (14. 2p . by monotone convergence the lemma 
follows. qed 

An immediate consequence is 

Corollary 4.4 Let $ e L\^e) and F,G e L\^e)- Then, for a^b, {JaF)^{J^G) G 
L^(^e) and 

[ \{J,FMJ,G)\df,E < miWFUGh. (4.3) 

2 11 
Proof: Let a < b, and r^™) = -r — r and s^"") > 1 be such that -^^ + ^^ = 1, 

i.e., s^"^^ = r*^"^y(r'^™) — 1). Without loss of generality we can assume that $ is a real- 
valued function. Truncate $ as 

( N, ^> N, 
[ -N, $ < -TV. 

By Lemma [4.31 

\{j!r^F,^^4-^Gh\ < I m-'^Fm^\\{jt'^G)WE 

< ii$;viL(>.,ii(jr)F)(j^^G)ii,(™) 

= ll<J>A^IL('")|l4'"^i^l|2||J^^G|h 
= ||$^L„„,||F||2||G||2. 
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Since s— limm~»o = Jt in L^I'^e) by s— linim^o Jt™^ = jt in L^(R^+"^), and $Ar is a 
bounded multiplication operator, we have 

{\JaF\, \<^N\\JbG\)2 < \\<^N\\i\\Fh\\Gh < ||$||l||F||2||G||2. (4.4) 

Since |$iv| t I'^'l as ^ oo, by monotone convergence | JaF| |$| | JfeGI G L^(^e) and 
(14. 3 p follow. This completes the proof. qed 

4.2 Functional integral 

As explained in Section 1, a key idea of constructing a functional integral representation 
of e~^^^^ is to use the identity 



n= / L\R^xZ2)dfi{(p). (4.5) 



We define the Pauli operator Hpp{(f)) in (14.71) for each fiber G ^ and set 



i^'pF := iJrad + / H^A4>)dfi{4>), (4.6) 



where + denotes quadratic form sum. It is seen that Hpp = Kpp as a self-adjoint 
operator. Using the path integral representation of Pauli operators discussed in Section 
3, we can construct the functional integral representation of e~*^pp^'^^ for each (p E ^. 
From this the path integral representation of e"*^^^ can be derived through the identity 
Hpp = Kpp and the Trotter product formula for quadratic form sums |KM78j . 

Define the Pauh operator ifpp(0) on L^(R^xZ2) by 

(i7°p(0)/)(a) := Q(-zV - e^(0))^ + V + J^^)^ f{a) + ^od(0)/(-a), (4.7) 
where 

= ^d{x,CT,(j)) = -|a=^3(0), 

*(0) = =^od(x, -a,0) = -|(^i(0) - ia3§2{<jy)). 

To avoid that the off-diagonal part J^d(0) vanishes, we introduce ifpp(0) in a similar 
manner as in h^{a, b) above by 

(i7°|(</.)/)(a) := Q(-zV - e^(0))2 + V + J^^)^ f{a) (4.8) 

+ (^od(0) + £^.(=^od(0))) fi-a), 
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where -i/^e is the indicator function given by fl3.17p . Since \ Jlfd{<P) + ^"^£(=^(0))! > £^/2 

^2, 



for all (x, 0") G M"^ X Zo, we can define 



W^{x, -a) := log (-^d(a;, -cr, 0) - £:?/'e(^d(a;, -a, 0))) . 

Lemma 4.5 74ss'ume t/iai A G C^(R^). T/ien /or each G ifpp(0) self-adjoint 
on -D(-A) ® Z2 and for g G L2(M^xZ2), 

where 

- [ J^diBs,as,<p)ds+ r Wl{Bs,-as-)dNs. 
Jo Jo 

Proof: Since A G C^(R^), we have 

= =^4(A(- - x), 0) := (0, ©Li^M.A(- - x))o G Cb°°(R^), G ^. 

Then iirpp(0) is the Pauli operator with a sufficiently smooth bounded vector potential 
^2/(0), and the off-diagonal part is perturbed by the bounded operator eip!r{'^od{(p))- 
Hence it is self-adjoint on D(— A)®Z2 and the functional integral representation follows 
by Proposition 13.31 qed 

Next we define the operator i^'pp on Ti. through i7pp(0) and the constant fiber direct 
integral representation (14.51) of Ti. Assume that A G C^(R'^). Define the self-adjoint 
operator Hpp on H by 

^pf := / ^^1(0)^/^(0), 
J^ 

that is, (^r°|F)(0) = i7°|(0)F(0) with domain 

= i^Fen ||(/^^|F)(0)||i.(„3,,,)rf/i(0) < ooj . 

Set 

:= H% + i^rad. (4.9) 
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Let := U~=o{©n=o ^n(^) ^Zm^iW} and define the dense subspace 

Ho := C^iK' X Z2) ® LL(^), (4.10) 
where denotes algebraic tensor product. Also, define 







(4.11) 



Lemma 4.6 Let A G C^(m3). T/ien 



(F, e^*^P^G) = lim(F, e^^^^p^G). (4.12) 

e— >0 

Proof: It is seen that Kpp = Hpp on TYq, implying that Kpp = Hpp as a self-adjoint 
operator since Tio is a core of Hpp |HirOObl IHir02] . Moreover, Hpp Hpp on Hq as 
e and Ho is a common core of the sequence {-f^pF}£>o- Thus s— lime^o e~*^PF = 
f^-tHpF^ whence (14.121) follows. qed 

By f l4.12p it suffices to construct a functional integral representation for the expres- 
sions at its right hand side and then use a limiting procedure. Set 

jr/(x, a, s) = -^a^f{j,X{. - x)), (4.13) 
^„^(x, -a, s) = -| (^f (j.A(- - x)) - ia^^{jsK- " ^))) ■ (4-14) 

Lemma 4.7 As a hounded multiplication operator on L^(^), for each (x, cr) G M'^ x Z2 
J,^/.,(^od(a;, -a)) j; = E,^,(=^„^(a;, -a, s))E,. (4.15) 

Proof: Note that '?/^£(J^d(3;, — o")) is a function of the Gaussian random variable 
$ := J^o^{x, —a) = (— e/2)(^i(x) — iaJ3^2{x)) of mean zero and covariance 

p := = ^ /^(^i(x)^ + i^2(x)^)rf/i = ^ I ^^l^^l' (2 - ^^^^^) 

(4.16) 

since 



^ (fc X e{k,]))^{k X e(/c, j))^ = ( 5 

7=±1 ^ 
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In general, for a given function g G L'^{R), is approximated by 

^?„(<l>) = (27r)-i/2 / Uk)e''^''dk (4.17) 
Jr 

in L^(^), where G ^(m) is such that gn ^ g a.s n —>■ oo in L^(r). This follows from 
\\g{^)-gnm\\l<i^^pr'^' [ \g{x)-gnix)\'dx. (4.18) 

For the vector 



with / G .^(M") and /ij G ©^L^(R^), we have lim„^oo 5'n($)-^ = 9{^)F strongly by 
fl4.18p . Since the set of vectors of form F are dense in L'^{^), as bounded multiplication 
operators (?„($) strongly converge to (?($) as n oo. Thus there is a sequence 
{ip^{^)}n=i such that 



^^,"($) = (27r)-^/2 / (k)e"'''dk (4.19) 

with V;^" G ^(m) and lim^^oo '«/'"( '^') = ^/'e($) in strong sense. By fl4.19p 
J,V^,"(-jrod(x,-a))J: = (27r)-V2 /■ 4"(A:)J,e^^-*j;(ifc 



= (27r)-i/2 /" 4"(A;)E,e^'=*»E,rfA; = E,7/>,"(-^„f(x,-a,s))E„ 

where <l>(s) = (-e/2)(^f (j,A(- - x)) - (j,A(- - x))), and V^,"(^f (x, -a, s)) con- 
verges strongly to ^/'^(.^^(x, — cr, s)) with n ^ oo as a bounded multiplication operator 
on L2(^e), yielding (14.151) . qed 

The next statement is our key lemma. 
Lemma 4.8 Let X G C^(M^), F G S[a^b] and s ^ [a,b]. Then 



(4.20) 



Here 



3 



X,(£,s) = -^e V / <(j,A(- - S,))rfS^' (4.21) 

- /" ^^(5,,(T„s)rfr+ /" W'{Br,-ar-,s)dNr, 
Jo Jo 
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and 



W'{x, -a, s) := log (-^o^(x, -a, s) - -a, s))) 



(4.22) 



Proof: First notice that the right hand side of fl4.20l) is bounded. By Corollary H? 
F{x,a) = JiJiF{x,a) for some / G [a, 6] and EsG{Bt,at) = JsJ*G{Bt,at). We obtain 



Ir.h.s. Km \ < Ef 



.23) 

We will prove in Lemma 14.91 below that there exists a random variable c = c{uj) such 
that 



(1) ||e^*("'")||? < c, a.e. cu e Q, 



(2) c is independent of {x, a) G x Z2, 



(3) c is independent of B^, /i = 1, 2, 3, 



(4) En[c'/'] < 



00. 



By (1423!), 



Ir.h.s. K20\> \ 



< Er 



5^y"rfx||G(5, + x,a,)||A |'5^|rfa;||F(x,o-)||2e-2/onB^+-)'^^c 



1/2- 



< \\G\\nEn 



.1/2 



J2ldx\\F{x,a)\\le-'foyiB.^^)^r 



J2jdx\\Fix,a)\\le-'Ioy(Br 



1/2" 



1/2- 



+x)dr 



<\\G\\n\\F\\nVll\n[c'^']< 



00, 



(4.24) 



where we used (1) above in the second line, (2) in the third line, (3) in the fourth line. 
Assumption 12.21 and (4) in the fifth line, and where Vm is defined in f l3.13p . 
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Next we prove fl4.20p . By Lemma 14.51 we have 



d/i(0)((j:F)(0),e"*^PFW(j:G)(0))i.(«3;c^) 



Here we used Fubini's Theorem in the fourth hue. Put 



3 pt pt pt-\- 

I Jo Jo Jo 



Zt(e) = -ie 



with W%x,-a) := \og{-J^od{x, -a) - etpei-Kdix, -a))). Pick F, G G Hq. Given 
that J;F G L2(^e) and e^'^^^ J*G{Bt, at) G L^(^e), we rewrite as 



(i2E) 



The kernel Jge^^^^^J* is computed as follows. Divide it up into 



s '^s^ 



J e/o^ WHBr-ar-)dNr J* _ 



=111 



We compute the three factors I, II, III separately. First, by [Hir97j 



(4.25) 



Secondly, for u & Q, there exist = N{uj) G N and Si = Si{uj), sn = siy{uj) G (0, oo) 
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such that on Hn 



J, exp (^j^ W%Br, -ar-)dNr^ J* 

N 

i=l 
N 



1=1 



t+ 



Es exp / W%Br, -ar-, s)dNr E, 



where we used that Js=fi/(/i) ■ ■ ■ ^(/„) J* = Es£^^{isfi) ■ ■ ■ ^^{isfn)Es as multiph- 
cation operators, and that Jsipei-y^odiBs,, -o-s,~))J* = Estpei-^^^iBs,, -as,-, s))Es by 
Lemma [4.7[ Finally, it can be seen that, similarly to III, factor II is computed on Tig 

as 

Js exp ^- j J^d{Br, ar)dr^ J* = Jirn Js Y\ exp (^J^d{Bit/n, cru/n)^ J*s 

= J-™^ri exp (^jef-{Bit/n, (Tit/n, Es = CXp J^^iBr, (T,., s)dr^ Es- 



Putting all this together we get 



(4.26) 



for F,G E Tio- By a limiting argument and the bound (14.241) it is seen that (I4.26P 
extends for F, G G 7i, completing the proof. qed 

Lemma 4.9 There exists a random variable c = c{uj) satisfying (l)-(4) in the proof of 



Lemma 4-8 



Proof: Note that 



We estimate the right-hand side of this expression. Since 
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and ^^if) is a Gaussian random variable with mean zero and covariance 



if)^^ig)dfiE = t; / fik,komk,ko)\k\' 6, 



k,,k 



dkdk\ 



0, 



(4.27) 



we have 



-f*^.yi^;P(Br,ar,s)dr 



exp 4-( 



1 /e\2 1 



mk)\' 



2/ 2 



t ft 



dr I dlar-cTi 
Jo 



< exp 1 ( - ) 



uJh{k) 



u^{k) 
\k\'^dk ) := Ci < oo. 



(4.28) 



ci is thus independent of (x, a) G x Z2. Next consider ||e/o l^^^^^- Set 
^^(J) ■— — Bt)) for notational convenience. For each u; G fi, there exists 

= N{ijj) G N and Si = Si{lj), sn = Sn{^^) G (0, 00) such that 

(4.29) 



J^\W'^(Br-ar-,s)\dNr 

< ^jj, exp 1^2 J log 

/ N 
l^E^exp I 2^1og 

V i=l 
I I N 2Af / N 

4) i-.>nc 



?E(r)2 + i^f(r)2 + 52 



f(s,)2 + ^f(s,)2+£2 



?E/„ n2 I rt2E/„ n2 I ^2 



'1 V-'J; 



^2 V"'* 



)2+£2)l 



j2f 



i=l 



i|) ^,2(A.-^».) 5^(l^^,p|)2...(^E)2l^J, 



2Ar N 



.2{N-m) 
m=0 combr, 



\e\ 
71 



2N N 

m=0 combm 



/I I \ 2Ar N 

/ J ^ ^2(^-™)2m (72)2™ m! ||^^||2- .__ 



< 



C2, 



(4.30) 



where ^^.o^jb denotes summation over the 2*" terms in the expansion of the product 
n^i(^f(si)2+^f(si)2), denotes one of^J^(si), /i = 1,2, z = 1,...,A^, and we used 
that |a + 26 + £:| < ^/2\/a^~+l^~+~e^ , a,h,e E M, in the first line, and the basic inequality 
||^^(si)^||2 < v^llv^^llll^^b^^^b in the sixth. Note that C2{uj) is independent of 
(x, cr) G X Z2 and 5f . Set 

c{uo) = CiC2(cu). (4.31) 
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Then 



oo / , , \ N N Ar_ 



N=0 ^ v^/ „^^Q 



This completes the proof of claims (l)-(4) above. 



m!2™ ||v/|A;|^||™ _, 

e < oo. 



(4.32) 
qed 



Next we define the L^(R^+^)-valued stochastic integral jsA(- — Bs)dBj! by a lim- 
iting procedure. Let A„(s) be the step function on the interval [0,t] given by 



AJs) 



} , Z. ^{t{i-\)ln,tiln\\S) 



n 



Define the sequence of the L^(R^"*"^)-valued random variable : Q —* L 



jAAsA--Bs)dB^, ft = 1,2,3. 



This sequence converges, which is guaranteed by 



2/^^,3+l^ 



(4.33) 



by 



MUi:-a\'] 



Er 



2E^ 



\\jAAs)H--Bs)-jA^is)\{--B,)fds 



\\f-{X{--Bs),e 



A„(s)-Am(s)|a;b 



\{--Bs)))ds 



Definition 4.10 We define 



and set 



- B,)dB^ := s-lim C^, = 1,2,3, 



£ <(J.A(- - B,))dB^ := < [l^sXi- - 5.)(iS.^) 



Now we are in the position to state the main theorem of this section. 
Theorem 4.11 For every t >0 and all F,G E H 

(F, e-*^PFG) = e* V /da; E^'" e" ^C^^)"^^ f dfiEW^e^'^'\JtG{i 



and 



(F,e-*^PFG) =lime*y /rfxE^'" e-^o^(«»)'^- /" cZ/ie JoF(eo)e^*(") JtG(6 



(4.34) 



(4.35) 
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Here 



- / JifiB„as,s)ds+ \og{-Jif^{Bs,-as-,s)-eM'^^diBs,-(rs-,s)))dN, 
Jo Jo 

Proof: Notice that ^^{jsf), f e L'^{E.^), s e M, /i = 1,2,3, is a Gaussian random 



variable with mean zero and covariance 

1 



f{k)g{k)\kV\^ 



kiik,. 



Then similarly to IK2^ we obtain |r.h.s. fOil) | < \\F\\n\\G\\nVll^E^'''[c^^^] < C, where 
c is given by (14.311) and C is a constant independent of e. Since e~*^PF g-i^^pp 
strongly as e — > 0, f l4.35p follows from (14.341) . 

Now we turn to proving (04]) . Take A = (ip/^/uj^Y E C^(R^). Then by K2^ 
^x,a^^-j^v{Br)dr^Xt{e,s)Q(^^^-^^ (z H ioi G E H, and 



H 



\H- 



Remember that Xt{e,s) was defined in (I4.2ip and Vm in (I3.13p . Define the bounded 
operator 



Set 



3 T 



J^A{Bi,ai,s)dl+ [ ^W%Bi,-ai^,s)dNi. 



's Js 
By making use of the Markov property of C,t we get 



{SfSI,G){x,a) 



g-/o V(Bu)du^Xo^tie,r)^Bt,a-t 
g- /o V(Bu)du^Xo,tie,r)^x,a 



(4.36) 
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Note that for si < ■ ■ ■ < Sn, 

exp (Xo^fj(£, Si) + Xt-^^f-^^p^[e, S2) + ■ ■ ■ + Xf^j^ ^tn-i.tiH Hni^i 

(4.37) 

For operators Tj, j = 1,...,N, write nr=i-^* ^1^2 ■■■^n- By using the identity 
Hl>p = i/rad + H^p{(l))dfi{(j)), we have 



= hm f F, ( e-{*/-)^^^if e-(*/")^-<^y G 



= Jim I^JoF, J.Vne-(*/"^''-4/„ j 

= J™^ ^JqF, ^Y\. Fit/nSt/n,it/nEit/n] JtG 

(4.38) 

where we apphed the Trotter-Kato product formula [KM78j to the quadratic form sum 
in the second hne, the equahty J*Jt = e"'*"*'^'^'^ in the third, Lemma 148) in the fourth, 
f l4.37p and the Markov property of the family of projections £'[...] in the fifth, and fl4.36p 
in the sixth line. Moreover (e) = ^^"(1) + ^^"(2) + Ft"(3,e), with 



^1=1 1=1 



„_i ._i Jt{i~l)/n 



E / m3 

" nti/n ft 

r,"(2) := -J2 J^^{B,,a,,t{i-l)/n)ds = - je^{B,, a^, An{s))ds, 

i=l Jt{i-l)/n Jo 

y,"(3,£) := V/ W'{B,,-as-A^-^)ln)dNs= W'{B,,-a,., K{s))dN, 

i=l Jt(i-l)/n Jo 

and with W^{x, —cr,r) defined in fl4.22p and step function A.„(s) given by fl4.33p . Fur- 
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thermore, put 



J^^{Bs,as, s)ds, 



Yt{3,e) := f W%Bs, -a,., s)dNs. 
Jo 

Then Xt{e) = Yt{l) + Yt{2) + Ft(3,e). We claim that 

r.h.s. ( Km = e* V / dxE^'^ ^-j;v{Bs)ds f dfiEJ^F%)e^'^'lJtGi^t) 



(4.39) 



Note that 



< IIGIIhE"'" 



1/2" 



|2 ||p^r(e) _ p^t{e)\\2 



(4.40) 



and 



3^r{^)ii2 



y,"(3,e)|2. 



We continue by estimating the right-hand side above. It readily follows that 



,2 ri 



4 



exp I — / (is / drascy,. 



>/o 



3 t^b(/i;) 



k{Bs-Br) 



(1^1 r + |/t2r)e-'^"('^-^"('")l"'^('=)rfA; 



< exp(-t2 / \0{k)\'\k\dk] =ci, 



(4.41) 



and the estimate of 



gJoW%B,-as-Anis))dNs 



goes as that of 



^J^W':iBr-ar-,s)dNr 



explained in (^M), with ^^{jsA- - 5,J) replaced by ^^{jA„is,)H- - B,J). Then, 



for each G fi, 



Jo' 14^= (B, -<7, _ , An W )rfA^s 



< C2{uj), with C2(ti;) given in fl4.30p . Thus we 



conclude that He^"^^-*!!^ < c{uj), where c{u) = CiC2{uj) and E^'°'[c"'^/^] < oo. Similarly, 
||e^t(e)||^ < C{uj) and E^''^[C^/^] < oo follows for a random variable C{uj). Note that 
both c and C are independent of (x, a) G x Z2, Bj^ and n. Thus by (14.401) and 
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dominated convergence, it suffices to show that for almost every u E ^l, e^"^^^ — e^*^^^ 
as n — ^ oo in L^{^e)- We have 



gXf (e) _ ^Xt{e) 



gy,"(l)gyt"(2)gy,"(3,e) _ ^Ytil)^Y,"(2)^Y,"(3,e) 



y{i)^y{2)^y,"(3,e) _ gy(i)gy (2)^^(3) 



(4.42) 



=111 



We estimate I, II and III. Notice that 



L < ||e>'r{i)_e>'*(i)|L||eV(2)eV(3,.)| 



(4.43) 



By a minor modification of f l4.28p and f l4.30p it is seen that there is = N{uj) such 
that 



,y,"{2) y,"(3,£)||2 < III y"{2)|2|| III y"(3,e)|2| 



(4.44) 



y : I \4:N 2N 



2m 



=C3 



By the expression of 1^(1) in Definition 14.101 

(e^"«,e^*«), = exp (-^gl(^.^ f.?)) , 

with f?^ = (bI=, [ {jA„is)H- - B,)-jA{- - B,))dB^. Moreover, 

^0 



- 2 



f\\jAAs)K--Bs)-JsXi--B,)fds 
Jo 

f (2||Af - 23?(A(- - E,), e-l^"W-^l-^A(- - B,))) ds 
Jo 



as n ^ 0. This implies that there exists a subsequence m such that for almost every 



uj E Q, lim^ 



,yr(i) 



e^*(i))2 = 1 and thus lle^*'"^^) - e^'^^^Ha ^ 0. We relabel this 



subsequence by n. Then 

lim ||I||i = 
follows by fl4.43p for almost every u E Q. 



(4.45) 
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Next we estimate II. Since |e^*''^-'| = 1, we have 

||II||i< ||e^"(2)_gy.(2)||^||gy,"(3,e)||^ 

and II e^"^^'^^ II 2 < 03(10), see (I4.44p . A direct computation yields 



\0 II2 



= ||e^'(^)||^ 
and 



X ^g"l'5"'"l'^b(fc) _|_ Q~\s-'^n{r)\ujh{k) _j_ g-|r-A„(s)|(^b(fc) _|_ ^-\A„(s)-A„{r)\uJi,{k)^ 



as n — > 00. Thus 

hm ||II||? < hm (||e^"(2)||2 - 25J(e^"(2)^ ^^(2)^^ ^ He^'^^^H^) = (4.46) 

n— »oo n— >oo 

is obtained. 

Finally, we deal with III. Since 



and ||e^*(2)||2 < ^i{ei2)t^\\^\m? ^ enough to show that e^"^^,^) ^ ^^(3,^) ^^(^e). 
By the definition of Y^{'i, e) we have 



i=l 



TTexp / iy^(5„-a,_,t(z-l)/n)diV, 

TLi \ Jt(i-l)/n 



For each G f2 there exists = N{uj) G N such that D{p) = {si, ...,Sn}, where p is 
the point process defining the counting measure TVf, see (13.31) . For sufficiently large n 
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the number of Sk contained in the interval {t{i — l)/n,ti/n] is at most one. Then by 
taking n large enough and putting (n(sj),n(sj) + t/n] for the interval containing Sj, 

i = 1, N, we get 

N 

e^n^^^) = H -a,^-,n{s,)) - n(.0)) • (4.47) 

i=l 

Clearly, n{si) — > Sj as n ^ oo. We want to show that 

JV 

hm r.h.s. g37!) = n (-^od(5.., s.) - eM^<FABs., s,))) . (4.48) 

m— >oo J. A ^ 

i=l 

Since ^^(^s,' -^^z-' ^(-^i)) converges strongly to Ji^^{Bs^, -a^^-, Si) as n ^ oo in 
L^(^e), we have by Lemma [4. 121 below that in L^(.^e) 

limV;,(^„^(i?.,,-a,,_,n(.,))) = V^,(^„^(i?.,,-a.,_,..)). (4.49) 

n— >0 

Set /(n,2) := ^/^^(.^f (5^,, n(si))), /(oo,i) := ^/'^(^^(E,,, -cr^,_,Si)), A{n,i) := 

J^^{Bs^, -as,-,n{si)) and A(oo,z) := J^^{Bs^, -ag,-, Si). Since these are commu- 
tative as operators, the right hand side of 04.471) can be expanded as a finite sum 
of functions of the form C{n) := J^/(n, #) Y\ ^(^)#); where # stands for one 

k N-k 

of 1,...,N. It suffices to show that each C{n) converges to C(oo) as n — > cxo in 
L'^{^e), where C(oo) is C{n) with n{si) replaced by Sj, i = I, N. Take, for example 
Coin) := I{n, 1) ■ ■ ■ J(n, k)A{n, k + 1) ■ ■ ■ A{n, N). Then 

Co(n)-Co(oo)= (4.50) 
I{n, 1) ■ ■ ■ /(n. A;) (v4(n. A; + 1) ■ ■ ■ A{n, N) - A{oo, k + 1) ■ ■ ■ A{oo, N)) 
+ {I{n, 1) ■ ■ ■ I{n, k) - J(oo, 1) ■ ■ ■ J(cx), A;)) A{oo, k + l)--- A{oo, N). 

Since /(ra, z) is uniformly bounded in n, the first term at the right hand side of fl4.50p 
goes to zero as ^ oo in L^(<^e)- The second term can be estimated in this way. 
First note that 

II (J(n,i) -J(oo,i))A(oo,A: + l)---A(oo,iV) 11^ = 
(A(oo, k + lf--- A(oo, N)\ I{n, z) - /(oo, z))^ . 

Since lim„^oo || (-?'(^, - -^(oo,z))^ll = limn^oo ||-?'('^, - -^(oo,OII = by 04.491) . the 
second term of the right hand side of (14.501) also converges to zero. Then Co(n) — >■ 
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Co(oo) as n — > oo in L^(^e) follows, and hence (14.481) . Since the right-hand side of 
(I13S]) equals e''^*^^'^), it is seen that lim„_^oo ||e^"(^'^) - e^*(^'^)||2 = 0, and 

lim ||III||i = 0. (4.51) 

n— »oo 

A combination of fOHD . flOHD and fOTD implies fOOD . and thus (S31. 

Now we extend (14.351) to form factors for which ^/uJ^0, ip/y/uj^ G L^(R^), through a 
limiting argument. Let ifm ^ C^(K^) satisfy ipm/ v^b ~* v/ V^b ^^'^ \f^\fPm \f^bfP 
strongly in L^(R^) as m — > oo. For each (pm^ (I4.35P holds. Let Hpp{m) be Hpp with 
replaced by 0rn- Thus Hpp{m) Hpp as m — * oo on the common core Tio- Then 
c-^^pfM e-tH^p strongly in 7^ as m ^ oo. Define X^"'\e), f/"^!), 1'/'"^(2) and 
Y^^'^\3,e) by ^((e), ^^(l), lt(2) and Yt{3,e) with replaced by (fm, respectively. It 
is enough to see that e^* '^^^ e-^ti^) in L^(^p). We divide e^* '^^^ — e'^*'^'^) in the 
same way as (14.421) with Yf^{i) replaced by Y^"^\i). Then it suffices to show that 
'(«) g^t(«) strongly in L'^(^p), for almost every G as m ^ oo. First, we have 

(e>'/'"'(i),e^'W), = exp (-^gi(^^ ^^)) , 

where = ©j^^^ /" (j.A^(- - 5,) - j,A(- - Bs))dB^ and = ((^^/v^j,)^. Further- 
>/o 

/ WjsXmi- - Bs) - JsH- - B,)\\^ds 

Jo 



more 



3 

as m — s> OO. Then there is a subsequence / such that (e^*' e^*''^-')2 ^ 1 as / — > oo for 
almost every u E Q, and hence 

lim||e^*'«-e^*«||2 = 0. (4.52) 

We relabel / as m again. Secondly, we have 



I e^'/'"' (2) II 2 



exp ((I)' dra.ar J dk^-^f^^e-^'<^^~^^\\h\' + \k,\')e~ 



\s-r\u)i,{k) 



^gy/'"'(2)^gy.(2))^ 
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From here 

lim \\e^rm^e^^^'^\\l= lim f ||e^^'(2) ||2 _ 23?(e^/'"'«, e^'W)^ + ||e^'(2) H^) = 

m—>oo m— ►oo V / 

(4.53) 

follows. Finally we see that for each u E Q, e^* '■^'^■'I^e ~^ s^*''^'^''!^^, as m — *■ oo in 
L^(^e)- There exists = N{u) G N, si = si{lj), sn{uj) G (0, oo) such that 

N 
i=l 

where J^^{Bs,, -<^s,-, Si, m) is defined by Jif^{Bs., -as,-, Si) with replaced by 0ra- 
Since J^^{Bs,, -as,-, Si,m) converges strongly to J^^{Bs,, -as,-, Si) as m ^ in 
L'^{^e), by Lemma 14.121 we obtain 

lim^,(^„^(i?,^, -as,-, s,, m)) = M-^^ABs,, -^s,-, s,)) (4.54) 

in L^(^e)- Similarly to the proof of lim^^oo e^"*^^'^-* = e^'*^^'^-*, we argue that 

lim ||e^*""'(^'") -e^'(3'")||2 = 0. (4.55) 

m— >oo 

From fl4.52p . (14.531) and (14.551) we finally obtain (14.391) . completing the proof. qed 
It remains to show (14.491) and (I4.54p . 

Lemma 4.12 We have 

lim i;,{Mf^{Bs„-as,-,n{s,))) = M<l{Bs„ -cTs,-, s.)) (4.56) 

n— >oo 

lim^,(^„^(i?,,, -as,-, s„ m)) = i:,{jC{Bs„ -as,-, s,)) (4.57) 
strongly in L^(=Se). 

Proof: We show (14.571) . the proof of (14.561) is similar. Put 7]^ = J^^{Bs,, -o-^i-, Si, m) 
and Tj = J^^{Bsi, -as^-, Si). Let gn G y{R) be such that (7„ — ^> -j/^g as n oo in L^(m). 
We have 

Wi^eiv) --^eiVm)]] < W-ipeiv) - 9n{v)\\ + ll^n(^) - 9n{Vm)\\ + \\9n{Vm) -^^^(^m) li- 
lt is readily seen that 

mv) - 9niv)r < I - 9nix)\\2npr'/'dx (4.58) 
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and 

\\9niVm) - MVmW < j l^.l^^) " gn{x)\\2Tl p^Y^'Mx , (4.59) 

where p is given by (14.161) and pm is obtained by replacing (p by ifm- Since pm ^ p Sl.s 
m ^ 0, the left hand sides of (I4.58P and (14.591) are bounded by CH^/'e — with some 
constant C independent of m. Consequently, they both converge to zero uniformly in 
m. We also see that 

\\9niv) - 9niVm)\\ < i^Tx)-'" [ \g4k)\\\e'^^ - e'^^-\\dx. (4.60) 

Since ||e*^'' — e*^''™|| as m — ^ for each n, the left hand side of (I4.60p converges to 
zero as m — > 0. This gives the lemma. qed 



4.3 Energy comparison inequality 

Write 

inf a{HpF) = E{s^ , ^i, ^2, e^s) 

for the bottom of the spectrum of -f^pp- Then for the spinless Pauli-Fierz Hamiltonian 
f/pp we have inf cr(_ffpp) = E{£/, 0, 0, 0) and the diamagnetic inequality E{0, 0, 0, 0) < 
E{£/, 0, 0, 0) is well-known to hold |AHS78l IHir97j . In this subsection we extend this 
inequality to the case of the Hamiltonian with spin. 
Define 



PF •" 



Hp + i^rad — 



Furthermore, to avoid zeroes of the off-diagonal part to occur we also define 

ei>e{^4V- 



(4.61) 



Tj-Le . 

Upp .-- 



n + 







(4.62) 



Since the spin interaction is infinitesimally small with respect to the free Hamiltonian 
Hp + H^g^d, Hpp and Hp§ are self-adjoint on D{—A)r\D{H^s.d) and bounded from below. 
Note that l^dl = 4^^f + ^i and V.(=^d) = V^^d^^dl) = ^/'^(tV^? + ^ 



The 



functional integral representation of e *^pf is given by 
(F, e-'^p^G) 
= lim > 



lim(F,e-*^PFG) 



dx E"" 



■!^V{Bs)ds 



d/iEJoi^(eo)e^*"(^) 7*^(6 
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where 

ft 



X,^{e) = - [ je^{Bs,a,,s)ds 
Jo 

Jo 



Corollary 4.13 For all t > and F,G E H we have 

|(F,e-*^p^G)| < (^|F|,e-*^PF|G| 



and 



max{ E(0, v/^^fT^, 0, ^2) ^ < ^K, =^1, =^2, ^3)- 



(4.63) 



(4.64) 



Proof: Since Hpp is unitary equivalent with the Hamiltonian obtained on replacing e 
by — e, we may assume that e > without loss of generality. By the functional integral 
representation of e"*^''^ we have 

I (F, e-'^'-^G) I = lim I (F, e-'"p^G) \ 

e^O 

< hm V / rfa;E^''^ le-fon^^)^^ [ dfiE\JoF{^o)\\Jtmt)\e 

< lim V / rfxE^''^ \e- PoViB.)''^ f dfiEiJo\Fm)iJtmt)\) 



lim(|F|,e-*^PF|G|) = (|F|, e"*^PF|G|) 



E^O 



where we used le"^**^*^^! < e^^^'^^ and the fact that \ JtG\ < Jt\G\ as Jj is positivity pre- 
serving. Thus firai) follows. From this, E{0, ^/^[T^,0,^3) < E{s^,^i,^2,^3) 
is obtained. Since E{£/, ^3) = E{£/ , ^i, ^2) = E{jz/, ^2, ^3, ^1) by 

symmetry, (14.641) follows. qed 

5 Translation invariant Hamiltonians 



In this section we assume that = 0. In the previous section we derived the functional 
integral representation of e~^^^^ and e~^^pp. By using them we can construct the 
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functional integral representation of the translation invariant Hamiltonian 

1 ^ 
Hpf{P) = ^{P -Pi- e^{Q)f + i/rad - I 5^t^M=^^(0). 

^l=l 

Before going to do this, we show translation invariance of the operator ifpp defined in 

dnn). 

Lemma 5.1 H^-p is translation invariant and it follows that 



HI,p{P)dP, 



where 
H^p{P) = Hpf{P) + 



e 
2 



eM-li^iW - ^^2m) 

{^,{0) + 1^2{0))) 



(5.1) 



Proof: Let $ = $(x) = (-e/2)(^i(A(- - x)) - i^iiK' - x)))- Note that 



eM^) 
etPem 



where $ denotes the complex conjugate of $. The term Hpp is translation invariant, 
therefore we only show that so is ip^i^)- We already know that there exists G S^{R) 
such that V'e (^) ~^ i^e{^) strongly as a bounded multiplication operator when n oo, 
where = {2'it)~^^'^ J^tp^ {k)e'^^'^dk. Thus is translation invariant, since $ is. 

Hence ^/'e($) is also a translation invariant bounded multiplication operator. The proof 
for is similar. 

Furthermore, Hpp + ?/;"($) is decomposed as 



Hp-p + 



^p'^i^) 



Hpp{P) + 



0_ e^^{^(S))) 

£^/'^(<l(0)) 



dP. 



Since ^/^"(^(O)) and '?/'"($(0)) converge strongly to ip^i^^i^)) and '?/^e($(0)), respectively, 
flS.ip follows. qed 



Theorem 5.2 For t > and $, ^ G Z2 ® L^(^) we have 
and 



($^e-*^p^(^)^) = lime*5^E0'^ e*^'^* / 

0-GZ2 L "^-^ 



(5.2) 



(5.3) 
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Proof: It suffices to show fl5.2p . The idea of proof is similar to that of Theo- 
rem 3.3 in |Hir06j . Set Fs{(r) = Ps ® ^{cr) and G'r(c) = Pr ® ^{^)^ where Ps{x) = 
(27rs)-3/2exp(-|a;|V(2s)), s > 0, is the heat kernel, and $(a),^(cT) G Ll^{^). We 
have by Lemma [5.11 for ^ G M^, 

(F„e-*^PFe-^«-^'"a)w= / rfP((f/F,)(P),e"*^PF(^)e"^«-^(t/a)(P)) 
where the unitary operator U : H H is defined by 



Hence we have 



lim(F„e-*^PFe-'«-^ = (27r)-3/2 / rfp(^, e-*WpF(^)e-^C-^(f/G'^.)(P)) 



(5.4) 



On the other hand, we have through the functional integral representation (I4.35p . 



where 



In Lemma 15.31 below we show that T is bounded and is continuous at x = 0. Thus 
further we obtain that 

lim / p,(x)T(x)rfx = T(0) = yE°'" PriBt-0 [ Jo¥i^e-'^'^'\Jte~'^-^'<^iat)dpE ■ 
Hence, together with (15. 4p we have 

Jr^ 



E°"^k(P* - 0^o^(^)e^'(^) Jie-«-^f<|.(a,)]. 



(5.5) 



Since (\E', e *^^'^^'\U G r){-))z2®.^ ^ L^(M^), by taking inverse Fourier transform on both 
sides of (15. 5p we arrive at 



(^,e-*^PF(^)(f/G',)(i')) 



(5.6) 



(2vr) 



-3/2 ^ jgo,. r /■ d^^^i■Pp^^B^_^■^ I JoV[/(a)e^'(^)Jte-*«-^*<l>(aOf//ii 
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for almost every P G R^. Since both sides of (15. 6p are continuous in P, the equahty 
holds for all P G M^. Taking r — on both sides of fl5.6l) . we get the desired result, 
qed 

We conclude by showing the lemma used above. 
Lemma 5.3 T is bounded and is continuous at x = 0. 

Proof: The boundedness is trivial, we proceed to show continuity. We have 

|T(x) -T(0)| < 5]e°'- [||vl/(a)||2||$(ai)||2||e^'(^) -e^"(^)||ij , (5.7) 



with 



3 i-t ft 



+ / log [-J^oa{Bs + X, -CTg-, s) - etpei-^odiBs + X, cr,_, s))] dNs . 
Jo 



:=Zf(3,e) 



By (15.71) it is enough to show that 

limE°'"[||e^*'(^) -e^"(^)||i] = 0, (5.^ 



similarly to the proof of Theorem 14.111 We estimate I, II, III below: 



:=I 



^ V ' 



+ e^.°(l)e^°(2)e^f(3,e) _ gZ°(l)gZ0(2)gZ°(3,e)^ _ ^^ g^ 

:=III 

We have ||e^"(^)e^"(^'^)||2 < e''(^/^)'*''llv^'^l'''c3(u;) := 04(0;), where 03(0;) is given in 
(iraj) . and 

lle^f(i) - e^?W||2 = 2 - 2^{e^?^'\ e^°^'^) = 2 - 2exp (^-^gi(f?^', f?^)^ , 
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where = ©J=i / j,(A(- - - x) - A(- - Bs))dB'^. Moreover, 



0,cr 



\\\{--B,-x)-\{--B,)fds 



as X — > 0. Thus 



hmE°''^||/||i < hmE°''^||e^'«-e^"«||2||e^'(2)gZf(3,.)| 



< hmE0''^||e^'W-e^'«||2E°''^[cf] 

< hmE°'"[l - e-(^'/2ki(£.f,e!)]E0>-[cy2] 



< hmE'^-[(e72)gi(f.^,f.D]E°-[cf] = 0. 

x^O 



Next we estimate II. We have 



(e *^ ',e - -;2 

.2 /•* 



Jo 



exp(^ / rfs / rfra.a, / rf/t^i^e-^^^^^-^^-^Hl^il' + l'^2ne 



|2Np-|s-r|a;b(fc) 



) 



|p^?(2)||2 
l'^ II2 



as X ^ 0. Then from ||e^*(2) _ gZ0(2)||2 ^ 2||e^?(2)||2 _ 23fJ(e^?(2)^ gZ0(2)) ^ q ^u^^g 
that 

lim||II||? < C3lim||e^*(2)_gZ0(2)||2^Q 

x^O x^O 

for almost every G fi. Finally we estimate III. For each G fi, there exist = 
N{ijj) G N and Si = Si(u;), s^i^uj) G (0, 00) such that 

N 
i=l 

Since ^^(^ + Bs^, -as,-, Si) converges strongly to J^^{Bs,, -ag^-, Si) as x in 
L^(^e), we see that lim^^o^psi-^J^ix + B^^, -as,-, Si)) = tpei-^^iBs,, -as,-, Si)) in 
L^(^e). This can be proven in the same way as Lemma [4.121 Hence 



N 



i=l 



lim J] (-^od(^ + Bs„ -as,-, s,) - etPs (=^od(^ + Bs,, -as,-, s,))) 

N 

n (-^od(5.., -^s,-, s.) - (=^od(5.., ^.))) (5.10) 
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follows. Thus we obtain lim2;^o — e^°^^''^''||2 = as well as linia^^o ||III||i ^ 

lim^^o II e^*"^^'^-* — e^"*-'^''^-' II 2 II £'^'''•^''112 = for almost every u & Q, proving (15. 8p . qed 

From (15. 3p . we can derive energy inequalities in a similar manner to Corollary 14. 131 
Write 

and define 



f^3(0) J^V'^l(0)2 + ^2(0)2 

J^V=^^l(0)2 + ^2(0)2 -1^3(0) 



Corollary 5.4 For t >0 

|($^g-i^^PF(P)^)| < (^|$|,e-*^PF(°)|^|) (5.1i; 



and 



max<j E(0, 0, y^T^, 0, e^2) }> < ^(P, ^, e^^2, -^s)- (5.12) 
E(0,0, v^^l + e^|,0,^i) 



Proof: Clearly, |e"*^t'^*^| < e^'-^f -^'l^l. Therefore 

|($,e-*^p^(^)^)| < eMimVE"'" /" {Jo\^(a)\)e^^^'\Jte-'^'-^'mat)\) 



0-GZ2 

r.h.s. dm]), 



(I5.12P is immediate from (15.111) . qed 



6 Concluding remarks 

It is known that Hpp has degenerate ground states for weak enough couplings [HSOll 
IHirOGj . In this subsection we comment on the breaking of ground state degeneracy of 
a toy model by using the functional integral obtained in Theorem 14.111 

Consider the self-adjoint operator on Ti. with the spin interaction replaced by the 
fermion harmonic oscillator (13.51) in Hpp: 

H{e) = ^(-^V - es/f + V + H,^ + ecrp. 
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Whenever e = 0, the ground state of H{0) is degenerate at any couphng. In this case 



where A = £/^{(B^^^i Jq js^{- — Bs)dB^). We show, however, that the ground state of 
H{e) becomes unique for arbitrary values of couphng constants as soon as e 7^ 0. Since 
the fermion harmonic osciUator o"f is identical to —ai, the off-diagonal part of H{e) 
is the non-zero constant — e. Then we have the functional integral representation of 
Q-tHit) Tffif^i^ ^\^Q exponent Xt{0) in (14.351) replaced by 



-ieA+ / log edNs. 
'0 



Thus 



Take the unitary operator 9 = e"*^''/^)^. In |HirOOaj it was seen that Tt := J^9~^e~''^9Jt 
is positivity improving. This implies 

Corollary 6.1 9^^e^^^^9 is positivity improving for e > and, in particular, the 
ground state of H{e), e 7^ 0, is unique whenever it exists. 

Proof: Note that H{e) and H{—e) are isomorphic, therefore we only take e > 0. By 
a direct computation and the definition of Tt, we have 



{F,9-'e-'"^''^9G) 



^-J^V{Bs)ds ^ 

X {{F{x, a),TtG{Bt, a)) coshet + {F{x, a),TtG{Bt, -a)) sinh et) 

Then for non-zero < F, G G L'^{R^ x Z2 x ^) we see that the right-hand side above 
is strictly positive, i.e., {F,9~^e~^^^'^^G) > 0. This means that e"*^*^*^^ is positivity 
improving. The uniqueness of the ground state follows by an application of the Perron- 
Frobenius theorem |GJ68"1 IGro72j . qed 
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The translation invariant version of the model is given by 

H{e,P) := i(P-Pf-ei^(0))' + i/rad + eaF. 
The ground state of H{0, P) is degenerate, whenever it exists, however in this case too 



the degeneracy is broken. By Theorem 15.21 the functional integral representation of 

CTez2 

If P = 0, the phase e*^'-^* vanishes. Then, since e"*-^' -^' is positivity preserving in Q- 
representation, similarly to Corollary 16. II we see that for P = and e > 0, 9^^e~^^^'^''^^9 
is positivity improving. This yields 

Corollary 6.2 Let P = and e ^ 0. Then 6~^e~*^^'^'^^9 is positivity improving and 
the ground state of H{e,0) is unique, whenever it exists. 

Remark 6.3 The spin-boson model is defined by 

^^SB = (Ti ® 1 + 1 ® iff + a(T3 ® a e M, 

on ® J'(L^(M^)), where Hi is the free field Hamiltonian of J'(L^(M^)) and 0(/) is 
the field operator labeled by / G L^(M^). We can also construct the functional integral 
representation of e"*^^'^ by making use of the Z2-valued jump process at- The functional 
integral can then be used to prove uniqueness of the ground state whenever it exists 
|Spo891 [Hik99l [HikOTl [HHOTj . 



7 Appendix: Ito formula for Levy processes 

In this appendix we recall and discuss some basic facts on Poisson processes and related 
Ito formulas to make this paper sufficiently self-contained. A general reference on this 
subject is jlWsTl [DVnT] . 

Let [S, E, Pp) be a complete probability space with a right-continuous increasing 
family of sub-cr-fields {T,t)t>oj where each contains all Pp-nuU sets. Also, let (A", 
be a measurable space and zu the set of Z+ U {oo}-valued measures on {X, SSx)- Denote 
by SS^ the smallest cr-field on w such that to 3 fi /^(-B), B G J3§x, are measurable. 

We define a class of measure-valued random variables. 



The Pauli-Fierz model with spin 



55 



Definition 7.1 The {w, ^■^) -valued random variable N on (5, S,Pp) is a Poisson 
random measure on {X, SSx) whenever the conditions below are satisfied: 

(1) P{N{A) = n) = e-^(^)A(A)"/n!, A e ^x, where K{A) := Ep[N{A)], 

(2) if Ai, An G o,re pairwise disjoint, then N{Ai), N{An) are independent. 

A{A) is called the intensity of N{A), and Ep[e-"^(^)] = e'^(^) holds. 

Fix a measurable space {A4,^m)- By an 7W-valued point function p we mean a 
map p : D{p) M., where the domain D{p) is a countable subset of (0, cxd). Define 
the counting measure Np{dtdm) on the measure space ((0, oo) x ^A, ^(o,oo) ^ ^m) by 

Npit,U) := iVp((0,t] xU) = #{s E D{p)\sE (0,t],p(s) eU}, t > 0, U e ^m, 

where =^^(o,oo) is the Borel cr-field on (0,cx3). Let n(A^) denote the set of all point 
functions on Ai, and ^n{M) be the smallest a-field on with respect to which 

p I — > Np(t, U), t > 0, U G cire measurable. 

Definition 7.2 A (n(A^), ^n(A^))-i'o^'wed random variable p on {S, S,-Pp) is called an 
Ai-valued point process on {S, S, Pp). 

The point process p is called a stationary point process if and only if p{-) and p{s + ■) 
have the same law for all s > 0, with D{p{s + ■)) = {t G (0, oo) | s + 1 G D{p)}. 

Definition 7.3 An Ai-valued point process p on (S*, S,Pp) is called a Poisson point 
process if and only if the counting measure Np[dtdm) is a Poisson random measure on 
((0,oo) X 7W,^(o,oo) X ^m)- 

It is known that a Poisson point process p is stationary if and only if its intensity 
measure is of the form 

Ep[Np{dtdm)] = dtn{dm) (7.1) 

for some measure n on J^m)- An 7V1 -valued point process p on (5, S, Pp) is called 
(T,t)-adapted if for every t > and U G Np{ti U) is measurable for all t > 0. 
It is called a-finite if there exists f/„ G ^ = 1)2,..., such that Un ] M. and 

E,p[Np{t, Un)] < oo, for all t > and n = 1,2, ... Let p be a (St)-adapted, cr-finite point 
process. When Ep[Np{t,U)] < oo, Vt > 0, there exists a natural integrable increasing 
process {Np(t,U))t>o on (S*, S,Pp) such that 

Np{t,U)-Np{t,U) ■.= Np{t,U) 

is a martingale. Np{t, U) is called the compensator oi point process p. 
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Definition 7.4 An M.-valued point process p on (S*, S,Pp) is called a (St)-Poisson 
point process if it is an (T^t) -adapted, a -finite Poisson point process such that the 
increments 

{Npit + h,U)- Np{t, U): h>0,Ue 3§m} 
are independent ofHf 



Let p be a (S()-Poisson point process. Then if t Ep[Np(t, U)] is continuous, it holds 
that Np{t, U) = Ep[Np{t, U)]. In particular, a stationary (S()-Poisson point process has 
the compensator Np{t, U) = tn{U), where n is that of (17. 11) . and for a disjoint family 
of Uj in E, i = 1, A^, 



Ep 



■T,fLiaiNp{{s,t]xUi) 



exp I (t - s) ^(e 



l)n{Ui] 



We give an example. 



Example 7.5 Poisson point processes can be constructed through d- dimensional Levy 
processes. Let {'r]t)t>o M.'^-valued stationary Levy process on probability space 

{S, S, P) with the natural filtration = a^rjsi s < t). Define the jump process p{s) = 
p{s,t) = ?7s(r) — ?7s-('r) for each r E S. Let D{p) = {s G (0, oo) \ p{s) ^ 0}. Then 
p : D{p) ^ K"' \ {0}, s p{s), is an M"' \ {0}-valued {T,t)-Poisson point process and 
P{Np{t,U) = n) = {u{U)t)'^e~^^^^^ /n\ holds, where y{U) is the Levy measure given by 
uiU) = Ep[A'p(l, U)] for U G =^Rd\{o}. Moreover, its compensator is Np(t, U) = tu{U). 

Fix a stationary (S()-Poisson point process p on (5, S,Pp) with values in M.. In 
Section 3 we set {yL,3Sn,Pn) ■= (W x S, Pw®P) andu := w xt e W x S = il. 

Let n be the smallest a-field on [0, oo) x Ai x Q such that all g having the properties 
below are measurable: 



(1) for each t > 0, {m,uj) g{t,m,uj) is ^ measurable, 

(2) for each (m, cu), t i— > g(t,m,uj) is left continuous. 



Definition 7.6 We call a U-measurable function h : [0, oo) x Ai x Q R i^t)- 
predictable and denote their set by flprcd- 
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Write 



F := |/ G flprcd I J J \f{s,m,Lj)\Np{dsdm) < oo for t > 0, a.e. 



|2i, 

'PV 

'0 JM 




m, uj)\^Np{dsdm) 



< oo for t > 



:= | / G fiprcd|Ef7 
and 

jp2,ioc _ |y ^ Q^^^^ I (fii)-stopping times : T co and l[o,r„](^)/(^, "z, u;) G F^} . 

Let f\t,uj) and tu) be adapted with respect to (fit), ^qIJq \f\s, ■)\'^ds] < oo and 
g^{-,uj) G i^ioc(ll^) for a-e. G fi. Furthermore, take h\ G F and /ig G F^'^°'^. Define the 
semi-martingale Xt = (X/, ■■■,Xf) on {il, Pq) by 

= r Pis, uj)dBi + r (7^5, ^)ds (7.2) 
Jo ^0 

+ / / h\{s,7n,uj)Np{dsdm) + / / h!2{s^'m^uj)Np{dsd'm). 

Jo J M Jo J M 

Here Np{dsdm) = Np{dsdm) — dsn{dm). 

Proposition 7.7 Let F G C^(M'^) and Xt = {X^,...,Xf) be given by fl^ ). Suppose 
h\ G F, G F^''°'^, anc? /?.i/?.2 = for i,j = l,...,d. Then F{Xt) is a semimartingale 
and the following ltd formula holds: 



i=i ^=1 

i — 1 i^j — 1 

t+ . 

/ {F{X,_ + hi{s,m,uj)) - F{Xs^)) Npidsdm) 
Jm 

/ (F(X,_ + /i2(s, m, cu)) - F(X,_)) iVp(cisdm) 
Jm 

^ fo Im (^^^' ^ ""^^ ~ ^^^'^ ~ ^ ''^^^^) 

where Np{dsdm) = dsn{dm). 



{dsdm), 



58 



The Pauli-Fierz model with spin 



Proof: See, e.g., |IW81t Theorem 5.1]. 



qed 



Write (D as dX' = fdB' + g^dt + J h\dN + / h^dN in concise notation. Let 



d=l, Bj = Bt and 



dZ = uzdt + vzdB + / fzdN + / gzdN, 

'M 



X 



dY = uydt + vydB + / fydN + I gydN 

' M 



X 



with fzgz = 0, fzdY = 0, fygy = and fygz = 0. Then by Proposition 17.71 we have 
the product rule 



d{ZY) = ZgUyds + ZgVydBs 
+YsUzds + Y{s)vzdBs 



M 



Zs^ fy Np{dsdm) + / Zs^gyNp{dsdm) 



M 



M 



Ys-fzNp{dsdm) + / Y{s-)gzNp{dsdm) 



M 



+VzVyds 



{fzfy + gz9Y)Np{dsdm). 



M 



This formula is written as d{ZY) = dZ -Y + Z- dY + dZ ■ dY in the concise notation. 

Suppose n{M) = 1 and set Nt := Np{{0,t] x M) and dNt := J^Np{dtdm) as 
mentioned in Section 3.2. Then the compensator of p is given by Np(t,Ai) = t and 
Efi[e-"^'] =e*('=""-i). Moreover, 



En 



t+ 



JM 



f{s, u, m)Np{dsdm) 



En 



/(s, u;, m)dsn{dm) 



JM 



Hence we have for f = f{s, u) independent of m G TW, 



En 



t+ 



fXs,u)dN, 



Uo 



En 



f{s,u})ds 



(7.3) 



Furthermore, Proposition 17.71 gives 



Proposition 7.8 Suppose /i* G F, i = 1, ...,d, are independent of m G Ai. Let dX^ 
fldB^" + g^dt + h'dN, i = l,...,d, and F e C2(m^). T/ien 

d 3 „t 



dF{Xt 



dxi 



-H{s,oo)dB^s 



EE 

i=l fi=l 
d 

i=l 
rt+ 

+ / (F(X,_ + h{s, uj)) - F(X,„)) dNs 



dFXXs 
dxi 



I 1 /■* 9^ 



dxfdxj 



-f\s,uj)P{s,uj)ds 
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